
Counterexample Generation for Conditional 
Probability in Probabilistic Model Checking 

 
Mingyu Ji  

College of Information and Computer Engineering, Northeast Forestry University, Harbin, China 
College of Computer Science and Technology, Harbin Engineering University, Harbin, China 

Email: jimingyunfu@yeah.net 
 

Di Wu 
College of Information and Computer Engineering, Northeast Forestry University, Harbin, China 

 
Yanmei Li, Zhiyan Chen 

College of Computer Science and Technology, Harbin Engineering University, Harbin, China 
 
 

Abstract—with the wide application of probabilistic systems, 
the performance analysis for probabilistic system with 
model checking have attracted wide attention. For 
conditional probability formulae of complex parametric 
system, this paper proposes a counterexample generation 
method of conditional probability properties based on 
continuous time probabilistic model. We use continuous 
time Markov reward model with comprehensive feature 
representation ability as the system model need to be 
verified, give satisfiability probability solution algorithm of 
probabilistic computation tree logic multiple constraints 
until formulae path properties after model pretreatment, 
put forward the counterexample generation method of 
conditional probability on multiple constraints until 
formulae and give the example analysis. The theoretical 
analysis and example result show that the feasibility and 
validity of the method.  
 
Index Terms—probabilistic system, performance analysis, 
model checking, conditional probability, counterexample 
generation 
 

I.  INTRODUCTION 

Model checking [1] as a highly automated formal 
verification technology has been successfully applied to 
communication protocols [2], biological modeling, 
control systems [3] and other fields [4-5]. Because it can 
provides counterexample information of properties 
violation, so that it becomes an efficient mean for 
automatic detecting faults. 

The probabilistic model checking [6], which can 
comprehensively consider random behavior, time and 
space characteristics in the system state transition process, 
is gradually become a new research hotspot in the field of 

model checking. The counterexample solution methods of 
quantitative validation for the probabilistic model become 
important research topics that international experts and 
scholars are very interested in. 

The minimal counterexample algorithms of time 
boundary reachability probability for continuous time 
Markov decision process are given in literature [7].In 
subsequent work [8], different counterexample solution 
algorithms for continuous time Markov decision process 
are compared. 

In recent years, with the deeply study of model 
checking techniques, approximate and effective model 
checking on multiple until formulae (k>2) become an 
open research problem and more and more importance in 
the field of system biology. One of the typical 
applications is observe oscillatory behavior of CTMC 
model [9]. Literature [10] gives the detailed description 
of property verification method on time constraints 
multiple until formulae, and gives the algorithm 
description on stratified continuous time Markov chain 
model. The k-shortest(hop-constrained) paths algorithms 
for counterexample generation of  until formulae 
reachability probability in discrete time Markov chains 
and a simple algorithm used to generate minimal regular 
expressions [11] of counterexample paths were both 
proposed in literature [12]. Literature [13] proposes a 
counterexample generation algorithm for model checking 
probabilistic timed automata based on the weighted 
directed graph. In the literature [14], the semantic 
representation of the probabilistic timed automata was 
gave by Markov decision process, and the until formulae 
counterexample generation algorithm was proposed. In 
summary, the research on the issue of counterexample 
mainly focused on the basic probabilistic model and the 
time constraint until formulae properties.  

In the practical application, conditional probability, as 
a fundamental concept in probability theory, is usually 
used to solve and validate practical problems, e.g. 
assessment of risk assets, anonymous protocol analysis 
and so on. The basic representation of conditional 
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probability is: [ ] [ ] [ ]p p pϕ ψ ϕ ψ ψ= ∧ , where ϕ  and 
ψ  are temporal logic formulae to be verified. The 
performance verification and counterexample analysis for 
condition probability properties have practical 
significance. 

In literature [15], the conditional probability 
counterexample detection method of computation tree 
logic properties is proposed for the specific discrete time 
Markov decision process model. In subsequent work [16], 
for continuous time Markov chain conditional probability 
state formulae, an approximate property verification 
algorithm based on the parameterized product model is 
presented and analyzed, which adopts an extended 
continuous stochastic logic to describe system properties. 

In this paper, we propose one kind conditional 
probability counterexample generation method for special 
multiple until formulae properties with transition step and 
transition resource consumption constraints on 
continuous probability model. 

Overview of article. Section 1 presents the necessary 
background on probability model with complex 
parameters. In section 2 we introduce the syntax of 
temporal logic and semantic of multiple until formulae 
and conditional probability. Section 3 discusses the 
computation method of multiple until formulae 
probability and gives the basic algorithm description. 
Section 4 explains how to solve conditional probability 
counterexample and describes counterexample algorithm. 
Section 5 combines with concrete example, the calculated 
results of conditional probability counterexample are 
given. Finally, in Section 6 we give the conclusions and 
directions of future research. 

II.  THE PROBABILITY MODEL WITH COMPLEX 
PARAMETERS 

 Probability model has been widely applied in the 
analysis and design process of software and hardware 
system. According to the different characteristics of the 
system, there have different probability models including 
discrete time Markov chain (DTMC) and continuous time 
Markov chain (CTMC) and so on. Because they have no 
ability to describe the characteristics of resource 
consumption in the transition process, so it is not suitable 
to represent the specific model mentioned in this paper. 
Below we introduce the definition of continuous time 
Markov rewards model (CTMRM), which has the ability 
to reason about transition resource consumption on the 
basis of CTMC model. 

Definition 1. A DTMC is a tuple Μ = (S,AP,L,P) 
where S is a finite set of states, AP is a set of atomic 
propositions ， AP: 2L S →  is a labeling function that 
assigns to each s S∈  a set ( )L s  of atomic propositions, 
and : [0,1]P S S× →  is a probability matrix satisfying 

'
( , ') {0,1}

s S

P s s
∈

∈∑  for all s S∈ . 

Definition 2. A CTMC is a tuple Μ =(S,AP,L,R) 
where 0:R S S R≥× → is transition rate matrix, and other 
notations are defined as for DTMC. 

Because DTMC and CTMC have no ability to describe 
the characteristics of resource consumption in the 
transition process, so we introduce the definition of 
Markov reward model (MRM) based on Markov chain 
model. 

Definition 3. Corresponding to the DTMC and CTMC, 
the MRM are called DTMRM and CTMRM respectively, 
and expressed as Μ =(S,AP,L,P,N) andΜ =(S,AP,L,R,N) 
where 0:N S S R≥× → is transition resource consumption 
matrix, and other notations are defined as for DTMC and 
CTMC. 

In CTMRM, transition rewards can be used to 
represent a variety of different aspects of a system model, 
e.g. the number of messages successfully transmitted. 
The terminology rewards here can equally be considered 
as consumption, e.g. power consumption or number of 
message packages dropped [17]. 

The transition probabilities in a CTMRM are 
exponentially distributed over time. If 's  is a current 
state and ( ', '') 0R s s > , then the probability that take a 

particular transition to ''s  is ( ')( ', '') (1 )
( ')

E s tR s s
e

E s
− ⋅− (within 

t units), where
'

( ') ( ', ') ( ', )
x S

E s R s S R s x
∈

= = ∑ . 

 
Figure 1.  An example CTMRM  

Figure 1 shows a CTMRM with six states and seven 
transitions. 0s  is initial state, 0( ) 10E s =  and the 
proposition set that 1s  satisfied is {b,c,d}. 1 2( , ) 16R s s =  
represents the transition exit rate is 16 that from 1s  to 2s  
and 1 2( , ) 20N s s =  represents the number of resource 
consumption  is 20 units in this transition process. 

III.  TEMPORAL LOGIC 

For the model-based verification of functional 
properties, temporal logics provide powerful means to 
specify complex requirements that a system has to satisfy. 
Several temporal logics had been adapted to reason about 
probabilistic properties. At present, the fundamental 
temporal logics applied to the discrete model include 
mainly probabilistic computational tree logic (PCTL) [18] 
and its variants, for example PCTL* and so on. In this 
section, we present the syntax and semantic of the proper 
temporal logics that with multiple until property 
description ability.  

Definition 4. The syntax of PCTL* is defined as the set 
of state Φ  and set of pathϕ , respectively, over the set of 
atomic propositions AP: 
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1 2:: ( )ptrue f P ϕΔΦ = Φ ∧Φ ¬Φ  

1 2 1 2:: n nϕ ϕ ϕ ϕ ϕ ϕ ϕ= Φ ∧ ¬ ○ ∪  

Where f AP∈  be an atomic proposition, [0,1]p∈ be 
probability interval, { , , , }Δ∈ < ≤ ≥ > be a comparison 
operator, ∪ be until operator and l h 0=[ , ] ≥⊆n n n R  be 
transition step interval of non-negative real number. 

PCTL* are interpreted over the states of a DTMC. We 
say that a state s S∈  satisfies a PCTL* formula Φ , 
denoted s =Φ , iff Φ is true for s. The key operator in 
PCTL* is ( )pP ϕΔ  which means that the probability of set 
of ϕ  paths satisfies the bound pΔ . The path formula  

1
1 2ϕ ϕ≤∪ n  represents that 1ϕ  holds until 2ϕ holds within 

n1 steps. 
Because the PCTL* does not have the ability to 

describe resources consumption of transition process in 
probability model, so here we join the transition resource 
consumption characteristics into until path formulae of 
PCTL* for support the transition resource consumption 
constraint and the transition step constraint at the same 
time. The improved logic named probabilistic reward 
computation tree logic star (PRCTL*). PRCTL* path 
formulae are defined as follows: 

1 2 1 2:: n
rϕ ϕ ϕ ϕ ϕ ϕ= Φ ∧ ¬ ∪  

Where l 0=[ , ] ≥⊆hn n n R and h 0=[ , ] ≥⊆lr r r R respectively 
represent transition step and transition resource 
consumption intervals of non-negative real number. 

In order to make the PRCTL* having the ability to 
describe the conditional probability, we extend the 
PRCTL* with a new probabilistic operator of the form 

[ ]pp ϕ ψΔ . [ ]ap ϕ ψ≤  expresses that the probability that 
ϕ  is true given that ψ  is true is at most a, where ϕ  and 
ψ  are path formulae of PRCTL*. The new temporal 
logic named conditional probabilistic reward computation 
tree logic star (CPRCTL*).  

In the following, we study the verification problems of 
conditional probability formula [ ]ap ϕ ψ≤ , where ϕ  and 
ψ  are multiple until formulae in the form of  

1 2

1 21 2
n n
r r kΦ Φ Φ∪ ∪ " , where k≥2.  

The multiple until formulae semantics are described as 
follows： 

let σ  be  a path and 1 2

1 21 2
n n
r r kϕ = Φ Φ Φ∪ ∪ "  be a path 

formula of PRCTL*, then σ ϕ=  established if and only 
if σ  was divided into a series of transition processes, so 
that: the last state in the first transition process is  a 
reachable state from the first state of σ  at most Sup(n1) 
steps and all states except the last state in this transition 
process satisfy the formula 1Φ  and the last state in this 
transition process satisfies 2Φ , meanwhile the 
cumulative sum of transition resource consumption in this 
transition process is in the range of r1. Then the next 
transition process begin from the last state of prior 
transition process, and the last state in this transition 

process is  a reachable state from the last state of prior 
transition process at most Sup(n2) steps and all states 
except the last state in this transition process satisfy the 
formula 2Φ  and the last state in this transition process 
satisfies 3Φ , meanwhile the cumulative sum of transition 
resource consumption in this transition process is in the 
range of r2, and so on. Final, the transition process end in 
the last state of σ , and this state satisfies kΦ , where 
Sup(ni) denotes the upper bound of interval ni. 

For the transition constraints ni and ri in multiple until 
formulae, we assume that the lower bound is zero and the 
upper bound is positive real number. In the remainder of 
this paper, the interval constraints are expressed as ≤ni 
and ≤ri. 

IV.  THE PROBABILITY  SOLVING OF MULTIPLE UNTIL 
FORMULAE 

In order to avoid the complex integral computation in 
the solving probabilistic satisfiability of single until 
formulae 1

hφ ϕ≤∪  and 1
tφ ϕ≤∪  in continuous probability 

model, where h is transition step constraint and t is time 
constraint, the general approach is as follows: do 
discretization and uniformization pretreatment first, and  
transform the original model into discrete probability 
model, then the problem solving was transformed into the 
computation of satisfiability probability in the 
corresponding weighted directed graph. 

Example 1. CTMRM pretreatment 
For the CTMRM shown in Figure 1, the pretreatment 

model named uniformized continuous time Markov 
rewards model (UDTMRM) is depicted in Figure 2. The 
transition rate matrix of CTMRM, denoted by R, is 
transformed into the discrete transition probability 
distribution of UDTMRM, denoted by Pu.  

u

s0 s1 t1

t2s2

(0.1,15)

(0.2,25)

(0.15,10) (0.8,20)
(0.3,15)

(0.5,10)

(0.25,10)

(0.2,0)

(0.5,0)

{d}

{d}

{c}{b}

{b,c,d}{a,c}

 
Figure 2.  An example UDTMRM 

The computing method of Pu is: 
( ', '') ( ')( ', '')

( ') max{ ( )}u
i

R s s E s
P s s

E s E s
= i  and   

'' '' '
( ', ') 1 ( ', '')u u

s S s s

P s s P s s
∈ ∧ ≠

= − ∑ . 

In this paper, the pretreatment process of CTMRM 
model is similar to the above method. After, we can 
calculate the value of conditional probability state 
formula ( , )prob s ϕ ψ  by means of basic satisfiability 
probability algorithm on multiple until constraints 
formulae. In the following, we give the description of 
calculation method of path satisfiability probability on 
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multiple until constraints path formula 
1 2

1 21 2
n n
r r k

≤ ≤
≤ ≤Φ Φ Φ∪ ∪ " . 

Definition 5. Satisfiability probability semantic of 
multiple until constraints path formulae  

Let 1 2

1 21 2
n n
r r kϕ ≤ ≤

≤ ≤= Φ Φ Φ∪ ∪ "  be a multiple until 
constraints path formula. Then the satisfiability 
probability for the state s is expressed as: 

1 2

1 21 2( )n n
s r r kP ≤ ≤

≤ ≤Φ Φ Φ∪ ∪ "  
1 2

1 21 2( , )n n
r r kprob s ≤ ≤

≤ ≤⇔ Φ Φ Φ∪ ∪ "  
1 2

1 21 2( ( , ))n n
r r kprob Path s ≤ ≤

≤ ≤⇔ Φ Φ Φ∪ ∪ "      
⇔ Looking for the finite path set C that starts from 

state s and compute ( )
C

Prob
σ

σ
∈
∑ , where 

σ satisfies [0] ( )s preσ σ ϕ σ ϕ= ∧ ≠ ∧ = . 
By the satisfiability probability semantic of multiple 

until constraint path formulae 1 2

1 21 2
n n
r r k

≤ ≤
≤ ≤Φ Φ Φ∪ ∪ " , the 

basic idea of multiple until formula probability algorithm 
can be derived as follows: First, we use HK shortest path 
algorithm [11] to looking for multiple until formulae 
satisfiability path sets  under transition step constraint 
conditions and check the satisfiability  of resource 
consumption constraint, then obtain the whole multiple 
until formulae satisfiability path sets and complete the 
calculation of satisfiability probability. 

Algorithm 1. Satisfiability probability solution 
algorithm of path formulae 1 2

1 21 2
n n
r r k

≤ ≤
≤ ≤Φ Φ Φ∪ ∪ "   

1: input: state sets S of UDTMRM, state s needed to 
verified, transition step constraint one dimensional array 
n and transition resource consumption constraint one 
dimensional array r that both length are k-1, state 
formulae set one dimensional array Φ  that contained in  
multiple until formula. 

Output: multiple until constraints path formulae 
satisfiability probability 

2: {m=1; pr=0;  
3: for (i=1 to k-1) 
4:  for ( each ∈s S ) 
5:  {pn[s][i]=0;} 
6: s=s0;  
7: s’=null; 
9: dowhile: 
10: do { 
11:  for (i=1 to k-1) 
12:    {pa[m][i] = null;} 
13:  for (i=1 to k-1) 
14:    {Next: 
15:     do {pn[s][i]++; 
16:       ρ =FNPbyhkSP(s,Φ[i],n[i],Φ[i+1], pn[s][i]);  
17:       if ( ρ ==null) 
18:        {if (i<>1)  
19:         {i--;  
20:         pa[m][i] = null; 
21:         s=s’; 
22:         pn[s][i]++; 
23:         goto next ;} 

24:        else   
25:         break dowhile ; }       
26:       } While (sat ( ρ ,r[i])<>true)   
27:      pa[m][i]= ρ ; 
28:      s’=s; 
29:      s=last( ρ ); 
30:      i++;}  
31:   pr=pr+ Prob(pa[m]); 
32:   m=m+1; 
33:   } while(true) 
34: return pr;} 
Algorithm 2. Resource consumption constraint 

satisfaction decision algorithm 
1:input: finite path ρ , resource consumption constraint 

upper bound r. 
Output: true if ρ  satisfies the resource consumption 

constraint or false otherwise. 
2: {s=first( ρ );totalr=0; 
3: while((s’=Next( ρ ,s))!=null) 
4:  { totalr= totalr +R(s,s’); 
5:   s= s’; 
6:   if (totalr>r) return false ;} 
7: return true ;} 
The time complexity of algorithm is as follows: 
The core algorithm of algorithm 1 is function 

FNPbyhkSP on line 16, which can search the next 
transition step constraint satisfaction path that starting 
from s of the i-th formula in multiple until formulae by 
means of HKSP algorithm. For DTMC and PCTL state 
formulae 1

hφ ϕ∪ , the HKSP algorithm can complete the 
calculation of k shortest counterexample path. The time 
complexity of HKSP algorithm is ( log( / ))O hm hk m n+ , 
where n and m are the number of states and transitions, h 
is the step bound, and k is the number of shortest paths. 

V.  THE SOLUTION OF CONDITIONAL PROBABILITY 

For the solution problem of conditional probability 
( , )prob s ϕ ψ where ϕ  and ψ are all multiple until 

constraint formulae, we calculated it by means of the 
following equivalent form: 

( , )prob s ϕ ψ  
( , )

( , )
prob s

prob s
ϕ ψ

ψ
∧⇔  

( ( , ))
( ( , ))

prob path s
prob path s

ϕ ψ
ψ

∧⇔  

 Refer to the calculation method of ( , )prob s ψ  is 
proposed in algorithm 1, the computation of 

( , )prob s ϕ ψ∧  takes the following method: 
According to the logical semantic of multiple until 

constraint formulae ϕ  and ψ , we give one kind of 
merger and simplification method of multiple until 
constraint formula conjunctive operation from the angle 
of formula satisfaction path sets, and then conjunctive 
operation on ϕ  and ψ  is transformed into a multiple 
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until constraint formulae, so the solution of 
( , )prob s ϕ ψ∧  can be completed by algorithm 1. 

Because the essence of the merger process of multiple 
until constraint formula conjunctive operation is the 
merger of single until constraint formula, so in the 
following paragraphs we mainly illustrate the merger and 
simplification process of single until constraint formula, 
then the merger of multiple until constraint formulae can 
be completed by this method iteratively. 

The merger and simplification method of single until 
constraint formula conjunctive operation based on 
formula satisfaction path sets is described as follows:  

Let 1

11 2
n
rϕ ≤

≤= Φ Φ∪  and 1

1

'
1 ' 2' 'n

rψ ≤
≤= Φ Φ∪ , then we 

define 1 1

1 1

min( , ')
1 1 1 min( , ') 2 2( , ( ') ( '))n n

r rC path s ≤
≤= Φ ∧Φ Φ ∧Φ∪  and 

1 1

1 1

min( , ')
2 1 1 min( , ') 2 2 1( , ( ') ( ')) ( ', '≤

≤= Φ ∧Φ Φ ∧Φ • Φ∪ n n
r rC path s path s

 1 1

1

'
' 2 ')≤ −

≤ − Φ∪ n n
r z , and 1 1Cσ ∈ , 2 2Cσ ∈  represent finite path 

start from s , where symbol •  represents the join 
operation of two finite paths, z represents the resource 
consumption sum of the left path of  1C , and 's  is the 
last state of the left path. Then ( , )path s ϕ ψ∧  be 
composed of the following finite path sets. Here we 
divide into two cases to illustrate how to construct 

( , )path s ϕ ψ∧ . (W.l.o.g., we assume 1 1 'n n≤ .) 
(1) If 1σ  exists and 2σ  which prefix is 1σ  does not 

exist, then 1 ( , )path sσ ϕ ψ∈ ∧ . 
(2) If 1σ  exists and 2σ  which prefix is 1σ  exists, 

then 2 ( , )path sσ ϕ ψ∈ ∧ . 
After construction of the above ( , )path s ϕ ψ∧ , we 

adopt the longest path subsets operation for paths with the 
same prefix to obtain the final ( , )path s ϕ ψ∧ . 

Definition 6. The longest path subsets with the same 
prefix 

Let C  be finite path set, for each finite path σ  in C  
we do the following operation: if σ  is the prefix of path 
in C  exceptσ , then σ  is removed from C . After the 
above processing, we can get the longest path subsets 
with the same prefix of C , expressed as ( )lp C .  

Example 2. Consider the UDTMRM in Fig. 2 and the 
path formulae 1

20a bϕ ≤
≤= ∪  and 3

40c dψ ≤
≤= ∪ , the path sets 

from 0s  that satisfy ϕ ψ∧  after merger and 
simplification as follows: 

0( , )path s ϕ ψ∧  
1 3

0 20 40( , ( ) ( ))path s a b c d≤ ≤
≤ ≤= ∧∪ ∪  

= 1
0 20( ( , ( ) ( ))lp path s a c b d≤

≤∧ ∧∪ 2
40( ', ))zpath s c d≤

≤ −• ∪  
= 2

0 1 1 40 10( ( , ))lp s s path s c d≤
≤ −• ∪  

= 0 1 1 0 1 2 2{ , }s s t s s s t  
By the merger and simplification method of single 

until constraint formula conjunctive operation, we can 
extend to the solution of multiple until constraint formula 
conjunctive operation formula satisfaction path sets. Then 
we can further obtain the satisfiability probability and the 

counterexample path sets of multiple until constraint 
conditional state formula. 

Definition 7. The semantic of conditional probability 
counterexample path sets 

If ( , )path s ϕ ψ∧  or ( , )path s ψ  does not exist, then 
the counterexample path sets of ( )pP ϕ ψ≤  is empty set, 
otherwise are the minimum path subsets that path 
probability value beyond p in ( , )path s ϕ ψ∧  
and ( , )path s ψ . Among them, ( , )path s ψ  are non critical 
path sets. 

Algorithm 3. Counterexample path sets solution   
algorithm of ( )pP ϕ ψ≤   

1: input: state sets S of UDTMRM, state s needed to 
verified, n and r are transition step constraint one 
dimensional array and transition resource consumption 
constraint one dimensional array in ϕ ψ∧  respectively, 
n’ and r’ are respectively transition step constraint one 
dimensional array and transition resource consumption 
constraint one dimensional array in ψ , Φ and Φ’ are 
respectively state formulae set one dimensional array that 
containedin ϕ ψ∧  and ψ . 

Output: counterexample path sets array if exists or 
empty set otherwise. 

2: {m=1; p1=0; p2=0;  
3: p1=getPro(S,s0,n,r,Φ,pa1); 
4: p2=getPro(S,s0, n’,r’,Φ’[],pa2); 
5: if (p1==0 or p2==0) 
6:   return null; 
7: if (p1/p2>p) 
8:  {p1=0; 
9:  porder (pa1); 
10:  For (i=1 to pa1.length)  
11:   { p1=p1+prob(pa1[i]); 
11:    ans[i]=pa1[i]; 
13:    if (p1/p2>p) 
14:      break; 
15:    i++ ;} 
16:  return (ans[1]…ans[i]);} 
17: else 
18: return null ;}  
By the algorithm 3, we can obtain the set of finite 

paths as the counterexamples of ( )pP ϕ ψ≤ . But the 
number of finite paths is usually very big since system 
model is usually very complex and the size of model is 
usually very big. So this results in two problems. First, it 
leads to the storage problem as counterexamples may 
simply get too large to be kept in memory. Secondly, and 
more importantly, counterexamples will be 
incomprehensible to the user. We therefore need to find 
ways to reduce the number of evidences in a 
counterexample, and to obtain a compact and user 
friendly representation. To that purpose we introduce 
how to use regular expressions to describe 
counterexamples in the following. We adopt the approach 
proposed by Daws [19] and Damman [20]. They use 
regular expressions to represent sets of paths and 
calculate the exact rational value of the probability 
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measure and provide a function to evaluate the 
probability measure of those expressions. 

Definition 8. Automaton of UDTMRM  
For UDTMRM Μ =(S,AP,L,Pu,N), the corresponding 

deterministic finite automaton(DFA) denoted as  
( ', , , , )MA S s fδ= ∑ � , where ' { }S S s= �∪  is the state space, 

[0,1] N S∑ ⊂ × ×  is finite alphabet, f is the accepting 
state, ' 'S Sδ ⊂ ×∑×  is the transition relation such that 

1 2 2( , ( , , ))s p n s sδ =  if 1 2( , )P s s p=  and 1 2( , )N s s n= and 

0 0( , (1,0, ))s s sδ =�  if 0s  is initial state of UDTMRM and 

s S∉�  is the starting state of DFA. 
Note that s�  is a new starting state in MA  connection to 

the initial state of M with a transition labeled with 

0(1,0, )s . Different from [20], for transition 2,
1 2

p ss s⎯⎯⎯→ , 
we add the target state 2s and transition probability p 
together with the resource consumption n as the symbol 

2( , , )p n s to∑ . 
Example 3. Consider the UDTMRM in Fig. 2, its DFA 

depicts in Fig. 3. The new starting state is s�  and the 
accepting state set is 1 2{ , , }u t t . 

s�

 
Figure 3.  UDTMRM DFA  

Definition 9. Acceptable language of DFA 
Let ( ', , , , )MA S s fδ= ∑ � is a DFA of UDTMRM, 

iA ∈Σ  is input alphabet of DFA, 's S∈  represents any 
state in DFA, ∑  contains elements of the form ( , , )up n s  
where [0,1]up ∈  be transition probability, n N∈  be 
resource consumption number in transition process of 
UDTMRM. Finite state series 0 1 ns s s… is called an 
acceptable word of MA  if and only if 0s  is a starting state, 

for all 0 i n≤ <  1
1

iA
i is s+

+⎯⎯→ and ns  is a accepting state. 
The set of acceptable words of MA  is called acceptable 
language of MA . 

The set ( )R ∑  of regular expressions over the finite 
alphabet ∑  is the set of expressions containing the 
elements of ∑ , the empty word ε, and which is closed 
under union (|), concatenation (.) and Kleene star (*).  

Let ( )L r  denote the regular language described by the 
regular expression ( )r R∈ ∑  and ( )L ∑ denote the regular 
language that can be generated by any regular expression 
over ∑ . For a word ω , ω  denotes the number of 

symbols in ω . We sometimes omit ⋅  and write . 'r r as 
'rr for short.  
Definition 10. The regular expressions of UDTMRM 

DFA can be evaluated by two functions, i.e. the 
probability function : ( )pval R R∑ →  and resource 
function : ( )rval R R∑ → as follows: 

( ) 1pval ε =   

( ') ( ) ( ')p p pval r r val r val r= +  
( , , )pval p n s p=   
( . ') ( ) ( ')p p pval r r val r val r= ×  

( *) 1pval r =  if ( ) 1pval r =  and 1( *)
1 ( )p

p

val r
val r

=
−

 

otherwise . 
( ) 0rval ε =  
( ') ( ) ( ')r r rval r r val r val r= +  
( , , )rval p n s n=  
( . ') ( ) ( ')r r rval r r val r val r= +  

1
( *) ( )r r

i

val r val r
∞

=

= ∑  

VI.  COUNTEREXAMPLE ANALYSIS 

Now, for the state 0s  of UDTMRM in Fig. 4, we 
verify the satisfiability of conditional probability formula 

1 2 3 1
0.3 20 35 40 20( )P a b d c d e≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤∪ ∪ ∪ ∪  by our algorithms 
and give the detail description of counterexample set 
generation process. 

 
Figure 4.  Instance model 

By the equivalent formulae of conditional probability, 
we can obtain: 

1 2 3 1
0 20 35 40 20( , )prob s a b d c d e≤ ≤ ≤ ≤

≤ ≤ ≤ ≤∪ ∪ ∪ ∪  

= 1 2 3 1
0 20 35 40 20 0( , ) ( ,prob s a b d c d e prob s≤ ≤ ≤ ≤

≤ ≤ ≤ ≤∧∪ ∪ ∪ ∪
3 1
40 20 )c d e≤ ≤

≤ ≤∪ ∪  
Among them, 

1 2 3 1
0 20 35 40 20( , )prob s a b d c d e≤ ≤ ≤ ≤

≤ ≤ ≤ ≤∧∪ ∪ ∪ ∪     
= 0 1 1 4 0 1 2 2 3({ , })prob s s t t s s s t t  
=0.01+0.05=0.06, 

3 1
0 40 20( , )prob s c d e≤ ≤

≤ ≤∪ ∪  
= 3 1

0 40 20( ( , ))prob path s c d e≤ ≤
≤ ≤∪ ∪  

= 0 1 1 4({ ,prob s s t t 0 1 2 2 3 ,s s s t t 0 2 1 4 ,s s t t 0 2 2 1 4 ,s s s t t 0 2 2 3 ,s s t t  

0 2 2 2 3 ,s s s t t 0 0 2 1 4 ,s s s t t 0 0 2 2 3})s s s t t  
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=0.13905. 
Therefore, the final result is: 

1 2 3 1
0 20 35 40 20( , )prob s a b d c d e≤ ≤ ≤ ≤

≤ ≤ ≤ ≤∪ ∪ ∪ ∪  
=0.06/0.13905 
=0.4315 
Because of 0.4315 is greater than 0.3, so state formula 

1 2 3 1
0.3 20 35 40 20( )P a b d c d e≤ ≤ ≤ ≤

≤ ≤ ≤ ≤ ≤∪ ∪ ∪ ∪  is not established for 

the state 0s .One of the counterexample path sets include  

0 1 2 2 3{ }s s s t t  and 3 1
0 40 20( , )path s c d e≤ ≤

≤ ≤∪ ∪ , namely, 

0 1 2 2 3 0 1 1 4 0 1 2 2 3 0 2 1 4 0 2 2 1 4 0 2 2 3 0 2 2{ , , , , , ,s s s t t s s t t s s s t t s s t t s s s t t s s t t s s s

2 3 0 0 2 1 4 0 0 2 2 3, , }t t s s s t t s s s t t . 

VII.  CONCLUSION AND FUTURE WORK 

In this paper we extended the probabilistic temporal 
logic PCTL* to CPRCTL*, in which it is possible to 
express conditional probability of multiple until 
constraints path formulae. We presented one algorithm to 
check if a CTMRM satisfies a multiple until constraints 
path formulae. Our algorithm first reduces the CTMRM 
to UDTMRM and then computes satisfiability probability 
based on this reduction. Then we presented another 
algorithm to solve the counterexamples of multiple until 
constraints path formulae conditional probability. 
Counterexamples for conditional formulae consist of two 
sets of paths in the CTMRM. At last, we illustrated the 
validity of the algorithms proposed in this paper by an 
instance. 

A natural direction for future research is to investigate 
ways to find better counterexamples in probabilistic 
model checking and research how to apply conditional 
probability model checking to verify the correctness of 
specific practical problems. 
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