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Abstract—Our aim in this paper is to introduce and study
the new type of fuzzy subrings of a ring called fuzzy (resp.
completely, weakly) regular subring, generalized fuzzy (resp.
completely , weakly ) regular subring, (c.evq,,) - fuzzy
(resp. completely , weakly ) regular subring and the direct
products of them .Some of their algebraic properties are
characterized by their level sets and extension principle.
Finally, we give the properties of homomorphic image and
homomor phic preimage of them.

Index Terms— (. vq, ,,)- fuzzy subrings, generalized fuzzy

subrings; homomorphic image; homomorphic preimage;
level set; direct product

1. INTRODUCTION

After the concept of fuzzy sets first introduced by
Zadeh in 1965 [1], the theory of fuzzy mathematics has
been widely used in Mathematics and many other areas.
In 1971, Rosenfeld [2] introduced the concept of fuzzy
subgroup, which spreads the area of fuzzy algebra. Since
then, many scholars have published a series of papers [3-
6]. Fuzzy algebra plays an important role in the field of
computer, such as fuzzy codes , fuzzy prefix codes ,
maximal fuzzy prefix codes , fuzzy finite state machines ,
regular fuzzy languages and codes and so on [7], so it’s
necessary for us to do further research on fuzzy algebra
theory.

In 1981, W. J .Liu introduced the concept of fuzzy
subring [8]. In 1992, Indian scholar S. K. Bhakat and P.
Das introduced the concept of (¢, ) -fuzzy subgroup [9]

by using "belong to (€ )" relation and "quais-coincident
with( ()"relation between the fuzzy point and the fuzzy
sets . In fact, it’s an important and useful generalization
of Rosenfeld’s fuzzy subgroup . In 1996, S. K. Bhakat
and P .Das introduced the concept of (e, ) -fuzzy
subring in [10], B . J .Zhao and H. G .Chi has introduced
the concept of (A, i) -generalized fuzzy subring in [11].
ZH.Liao et al extended Rosenfeld’s fuzzy algebra,
Bhakat and Das’s fuzzy algebra and (€,€ vQ) -fuzzy

algebra to(€,€ v(, ,))- fuzzy algebra, and do series of

researches [12-15]. This paper is the continuation of the
above work .we give the definition of fuzzy (resp. com-
pletely, weakly) regular subrings, generalized fuzzy (resp,
completely, weakly) regular subrings, (e.evq,,)- fuzzy

(resp. completely , weakly) regular subrings and the
direct products of them .Besides some of the algebraic
properties of them are characterized by their level sets

©2012 ACADEMY PUBLISHER
doi:10.4304/jcp.7.2.483-490

and extension principle . Moreover , we also give the
properties of homomorphic image and homomorphic
preimage of them.

II. PRELIMINARIES

From now on, Rand H denote rings.
Definition 2.1 [15] If Xe R and there exists ye R, Y is
said to be group inverse of X if XyX=X yxXy=yY;
Xy = yX.Be denoted by X’ .

It is easy to proof that if there exists group inverse of
X then it is unique and x = (x")".
Definition 2.2[14] Let o, A, 1 €[0,1] and A< u , if
A( X) =2« then a fuzzy point X, belongs to a fuzzy
subset A , denoted by X, A ; if A<a and
AX)+o>2u then a fuzzy point X, generalized

quasicoincident with a fuzzy subset A , denoted by
X1, A I X, € Aor X0, ,A , then X, €vq, ,A.

Definition 2.3[3] we define
A, = {x|A(x) >al.
Definition2.4 [3] Let R (1<i < n)be rings and the direct
product:

stronger level set

[1R={@.a...a)acR}.

Isisn

Then J]R is a ring under the operations as follows:

(8:80008,) + (0,5, 0) = (3 +b,8, +D,,..8, +D,):

(a.a,,...a,)(b.b,,..b)=(ab,ab,..ab,).
Definition 2.5 [3] Let A(1<i<n)be fuzzy subsets of

R , then a [TA is defined

I<isn

fuzzy subset

as (JTAX. %) =

prodﬁ(:t.
Definition 2.6 [3] A fuzzy subset A is said to be a
(A, 1) -generalized fuzzy subring of R if for all

1inf A(X) called fuzzy direct
<i<n

X, Y€ R, the following conditions are satisfied :
(M AX+Y)VAZ AX)AAY) AL
@) A=X) VA2 AX) AU

3) AY)VAZ AX)AAY) AU
Theorem 2.1[6] Let Abe a fuzzy subset of R. Then Ais a
generalized fuzzy subring of Rif and only if A, #J isa

subring of Rfor all re (A, u].



484

Theorem 2.2 [6] Let A and B be generalized fuzzy sub-
rings of a ring R ,then A[) B is a generalized fuzzy sub-
ring of R

Theorem 2.3[6] A is a subring of Rif and only if y,is a
generalized fuzzy subring of R.

1. (€.€ vQ;,) -Fuzzy (COMPLETELY) REGULAR
SUBRINGS
Let Xe R. Then we write R = {X'| X'e R xXx=X},

C,={ylyx=xy,ye R}.
Definition 3.1. A fuzzy subring A of a ring R is called a
fuzzy regular subring of Rif for all Xe R, there exists

X € R such that A(X) > A(X).
Definition 3.2. A generalized fuzzy subring A of R is
called a generalized fuzzy regular subring of R if for all

xe R, there exists X' € R such that A(X)v 4> A(X) A
u.

Definition 3.3. An (€,€ vq, ,,) -fuzzy subring A of a
ring R is called a (€,€ v(q; #)) -fuzzy regular subring of
Rif for all xe Rand a e (4,1], there exists X' € R such
that X, € Aimplies (X", € vq, , A.

Theorem 3.1. Let A be a fuzzy subset of ring R .Then the
following properties are equivalent.

(D AX)V A= AX) A i, forall xe R and exists X €
R

(2) Forall e (4,1],if X, €Athen exists X € R, such
that (X'), € vq, ,A.

Proof. If (2)holds, then assume that there exists X, €R

and for all XO, € R, suchthat A(X,) v A<AX)AL.
Choose ¢ such that A(XO')\//1<01< A(X)) At .Then
Ax)>aand A<a < u,so (%), EA Wehave(x,),

€ VvQ,,,A. But A(XO') <a<p ,therefore A(XO') +a<
a+o<2u ,acontradiction. Thus (1) holds.

Conversely, forall & €(A4, 1], x, EA then exists X
€ R suchthat AX)VA=AX)A U0 A . Then A
X)z2o. If &< U byA<o,then AX)2ea . So (X)),
e A If o>, then AX)2u.So AX)+aza+u
>24 Hence (X), € vq, ,A.

Theorem 3.2. Let A be a fuzzy subset of ring R .Then the
following properties are equivalent.

(1)Aisan (g,e vq(m)) -fuzzy regular subring of R;

(2) Ais a generalized fuzzy regular subring of R;

(3) A, #D is aregular subring of Rfor allre (4, 1] .

Proof. From Theorem3.1,we know that (1)is equivalent
to(2).
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If (2) holds, based on Theorem?2.1, it is sufficient to
show that A, # & is a subring of ring R for all

ae (A u] .
allre (A, 1] and xe A, there exists X'€ R such that

So we just need to proof that for

X'e A, In fact, by A is a generalized fuzzy regular
subring of ring R , then there exists X'€ R such
that AX) VA2 AX)Au2aAru=ca. For e (A, u],
So AX)Zz e ,ie,X'€e A, . Hence A, # is a regular
subring of R.

Conversely,if (3) holds. Based on Theorem?2.1, it is
sufficient to show that A is a generalized fuzzy subring of

ring R. So we just proof for all Xe R, exists X'€ R_such
that A(X") v 42 A(X) A 1 .Assume that exists X, € R and

for all Xo, €eR, ., A% )V A< A(%,) A i .Choose ¢ shch

that A(X, ) v A< < A(%,) A 12 Then A(X,) >, A%, )
<a e, €A, By A #O is a regular subring of

ring R and X, € A, .Then exists X, € R, such that

X, € A, , a contradiction .Thus for all xe R, there exists
X € R such that A(X") v 4> A(X) A i .So(2)holds.
Theorem 3.3. Let a fuzzy subset A of Rbe a generalized
fuzzy regular subring ,then A, = {XE R| A(X) > /1} isa

regular subring of R.
Proof. Since A is a generalized fuzzy regular subring of

R then for every X,ye A, ,we have A(X+Yy)v A=
AXAANAUSAAU=A, A=X)VAZAX)A U
>Aand AXY) VA AX)AAY)AU>A je, AX+
Y)>A4,A=X)> A and A(Xy)> 1,50 X+Y,xy,—Xe A, .
Therefore A, ={Xe R|A(X) > A} is a subring of R .Now

for every Xe A and exists X' € R such that A(X)v 4>
A(X) A > A which implies X' A, .Thus A, is a regular

subring of R.

Theorem 3.4.Let A and B be generalized fuzzy regular
subrings of R and H respectively, then AXB is a
generalized fuzzy regular subring of RxH .

Proof. Firstly, we prove that AXB is a generalized
fuzzy subring of RxH .Forall (X,X,),(y,,Y,)e RxH,

A and B are generalized fuzzy regular subrings of Rand
H respectively, we have (AXB)((X,X%,)+(Y,,¥,)) Vv 4

=(AXB)((X + Y1, % + ¥,)) vV A=(AX +Y,) A B(X, +
YV A=(AX+Y)VvAABX+Y,)vA)2AX)
AACY) A A B(%) AB(Y,) A = (AXB)((%, %)) A
(AxB)((Y,,Y,)) A 4. Similarly, we can prove that (AX
B)(—(X%, %)) v 42 (AXB)(X, X)) A frand (Ax B)(

(% %)(Y15 ¥2)) vV A 2 (AXB)((X, %)) A (AXB)((Y;, ,))
Al .So AxBis a generalized fuzzy subring of RxH .
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Also, since A and B are generalized fuzzy regular
subrings of R and H respectively, for all Xe R and

ye H there exist X'e Rand y'e Rjie., (X,y)e R x
R, such that AXYVAZAX) A AY)V A= AY) A
A (AXB)((X,Y) v A= (AX) AB(Y)) v A =(AX)
VA AB(Y) V) 2 AX) A A B(Y) A it =(AXB)((X,
Y)) A 1£.So Ax Bis a generalized fuzzy regular subring

of RxH .
Theorem 3.5Let A be generalized fuzzy regular sub-

rings of R, then J]A is a generalized fuzzy regular

I<i<n

subring of J]R .

I<i<n

Proof. Firstly ,we prove that [] A is a generalized fuzzy

I<isn

subring of J]R .Forall xye [[R,X=(X,X,,...X,)and

I<i<n I<i<n

Y=(Y;5 Ysse--Yn) sthen (T A)x+y)v A=inf A(x +y)v A=

I<isn

inf(A (X +¥) v ) 2inf(A(X) A A(Y,) A ) =inf A(
X ) Ainf A(Y) A i =T A0 AT AXY) A u Similarly,

I<i<n I<i<n

(T A0V A=inf A(=x)v A= inf(A(=%) v 1) = inf(A(

Isisn

X)Ap)=inf A(X) A= (] A Au.We can prove

<i<n

[TAwv A>T A AT AXY) A using the same

I<isn I<isn I<isn

method.

Therefore [] A is a generalized fuzzy subring of []R .

Isisn Isisn

Now for every xe [[R and X=(X,X,,...X,) ,since A is

Iisn

generalized fuzzy regular subrings of R ,so there exists

x € R, such that A(X)V A= A(X) A i In fact exists
X =(%,% ,..%, )€ TR, such that (JTA)X)v A=inf A(

I<i<n I<i<n

X) VA=nf(A(X ) v A) 2 inf(A(X) A 1) = inf A(X)
AU =(H A)X)At .So J]A is a generalized fuzzy

I<i<n 1<i<n

regular subring of []R .

Definition 3.4, A fuzzy subring A of a ring R s called a
fuzzy completely regular subring of Rif forall X€ R ,
there exists X*€ R, M C, such that A(x*) = A(X)

Definition 3.5. A generalized fuzzy subring A of a ring R
is called a generalized fuzzy completely regular subring

of Rif forall Xe R ,there exist X*e R, N C, such that
A IVAZAX)A L.

Definition 3.6. An (€,€ vq, ,) -fuzzy subring Aof Ris
called an (€,€ v(q, , ) -fuzzy completely regular subring
of R if for all Xe Rand e (A,1] , there exists
x*e R NC, such that X, € Aimplies (X,*), € VO
A.
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Theorem 3.6. Let A be a fuzzy subring of ring R .Then
the following properties are equivalent.

(1) Forall xe R, there exist xX¥*e¢ R M C, such that
AX)VAZ AX) AL
(2) For all Xxe Rand e (4,1] , there exists X¥*e R N
C, such that X, € Aimplies (%,*), € vq,, ,A;
(3) for all xe R ,there exists X “ € R such that A(Xx ") v
A2 AX) A u,
Proof. (2) = (1) Assume that there exists X, €R and
forall x,*e R NC, such that A(X*)vA<AX)AL.
Choose & such that A(X,*)v A<a < A(X)Au Then
AX)>0rand A< a < i, s0(X), EA then (x*),€ Vv
QA But A(X,™) << , therefore A(X,*)+ar <
a+oa<2u , a contradiction .So for all Xe R, there
exist X¥*€¢ R NC, such that A(X*)v A= AX)A U .
(1) = (2) For all e (A4,1]and X, € A there exists
x*e R NC, suchthat AX)VAZAX)AUZaA L.
If a<u,byd<o,then AX¥)2ar.So (x¥), € A.If
o> i, then AX*) = 1 .So AX*)+aza+u>2u .So
(X*), 0 1..)A- Hence (X¥), € vq, ,A.
(3) = (1) 1t is easy to prove.
(1) = (3) Forall f xe R, there exists X*e¢ R NC,
such that A(X*) v 4 > A(X) A 1 Since XX X=X, XX = X X,
then exists X * = X' XX such that A(Xx*) v 1 > (A(X) A
AN v A=(AX) v ) A (AX) v A) = A(X) A i and
AX)V A= AXXX)VAZ(AX)AAXX)) v A=
(AX)V A) A (AXX )V A) = A(X) A g . Thus for all
xe R there exists X *such that AX*)v A > AX) A u.
Theorem 3.7. Let A is a fuzzy subset of ring R .Then the
following properties are equivalent.
(1) Aisan (€,€ vq, ) -fuzzy completely regular sub-
ring of ring R;
(2) Ais a generalized fuzzy completely regular subring of
ring R;
(3) Aisan (€,€ vq, ,,) -fuzzy subring of ring Rand for

all e (4,1],if X, EAthen(X"), € vq, , A.

Proof. Straightforward.
Theorem 3.8. Let {A}

ly regular subrings of Rand for all i,jel,A c A or

be generalized fuzzy complete-

iel

A < A .Then iLEJI A is a generalized fuzzy completely

regular subring of R.
Proof. Firstly , we prove that

VACAAWDAD=UAIAUAW AL
Obviously , v (AC) A A(Y) A< (U A0 A(UAX
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Y) A 1 .Assume that i;/l(/-\(x) ANAY)AW)# (iUI A)(X)
/\(.UI A)(Y) A i, then there exists I such that v (A

AW A <1 <(UAYX) AU AXY) A p Since
Ac Ajor AJ c Aforall i, je | ,then exists ke | such
that 1 < A (X) A A (Y) A ¢ .On the other hand , A(X) A
A(Y)Au<rforall ie |l acontradiction . Therefore
V(ACIAAM A =UA AU AN AL,
Now for all X,ye R,

MUAXX+Y) VA= v AX+Y) VA=V (AX+Y)
VA2 V(A A AW A =(U AY) AU AXY) A

E
@ ANV A=y AV A=V (AE)V )2

VA~ =UA)) A p;
G UAY) VA= v Ay VA= V(ACY)VA)
2 V(A AAW A =UA)AUA)Y Ap;

(4)For all xe R there exists X' € Rsuch that

(U AX)vA=v AKXV A= v(AX)V )=z
VA A =(UA)X) A 1.

Thus U A is a generalized fuzzy completely regular

iel

subring of R.
Theorem 39. A fuzzy subset A of a ring R is a
generalized fuzzy completely regular subring of ring R if
and only if A, #O is a completely regular subring of
ring Rfor allare (A, u].

Proof. Based on Theorem2.1 and Theorem3.1 it is
sufficient to show that A, #J is a subring of ring R for

all e (4,u]. So we just proof for all e (A, ] and
Xe A, there exists X" such that X" € AZ In fact, by Ais

a generalized fuzzy completely regular subring of R,
then there exists X" € R such that A(X") v 1> A(X) A i

>aAp=o.For ae (A, u],then AX)> o, that is to

say X' € A,. Hence A, #J is a completely regular sub-
ring of R

Conversely,Based on Theorem?2.1 and Theorem3.1, it
is sufficient to show that A is an (€,€ v(, , ) -fuzzy

subring of ring R So we just need to proof that for all
xe R, there exists X’ € R such that A(X") v 4> A(X) A

M .Assume that there exists X, € R such that A(XO#) vA
< A(X)) A i .Choose o such that A(x,") v A <a < A(

X,) A i .Then A(x) >, A(X,") < ie., x, € A,,By
A, #O is a completely regular subring of Rand X, €
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A, .Then exists X,” such that x,” € A , a contradiction.
Thus A is a generalized fuzzy completely regular subring
of R.

Theorem 3.10. Let a fuzzy subset A of R be a
generalized

fuzzy completely regular subring ,then we obtain that

A= {X|A(X) > A} is a completely regular subring of R.
Proof A, ={xe R|A(X)> A}is a subring of Rbased on

theorem 3.3 . For every Xe A, there exists X" such that

AX*)v A= AX) A £ > A which implies X" € A, . Thus
A, is a completely regular subring of R.

Theorem 3.11.Let A and B be generalized fuzzy comple-

tely regular subrings of R and H respectively, then
AXx Bis a generalized fuzzy completely regular subring
of RxH .

Proof. we obtain that AXB is a generalized fuzzy
subring of RX H based on theorem 3.4 .

Also , since A and B are generalized fuzzy completely
regular subrings of R and H respectively , for all

xe Rand ye H there exist X'e Rand y'e H ie.,
(x*,y")e Rx H such that A(X") v A > A(X) A 12, A(Y")
VAZ ALY) A Al 50 (AXBY((X, Y)) v A= (AX)" A

By v A=(AX)VAABY)VAZAX)AUA
B(y) A 1 =(AXB)(X ¥)) A i.So AXxBis a generalized

fuzzy completely regular subring of RxH .
Theorem 3.12Let A be generalized fuzzy completely

regular subrings of R, then J] A is a generalized fuzzy

Iisn

completely regular subring of []R .

Isisn

Proof. ] A is a generalized fuzzy subring of [] R based

Isisn Isisn

on theorem3.5.
Now for every xe [[R and X=(X,X,,...X,) ,since A is

generalized fuzzy completely regular subrings of R ,so
there exists X" € R such that A(X")v A= A(X) A i
In fact ,there exists X' = (x",x,",..x ") e H R such that

I<i<n

(TT A v A=inf AX")v A=inf(A(X") v 2) 2 inf(A(X) A 1)

=inf A(X) A =(]] A)XX) A1 .So ] A is a genera-
I<i<n fsisn

lized fuzzy completely regular subring of J]R .

Theorem 3.13. Let f : R—H be a full homomorphism
mapping , if A is an(€,€ vq, ) - fuzzy subring of R,
then f(A)isan (g, VO 4.) -fuzzy subring of H.

The proof is omitted.
Theorem 3.14. Let f: R—H be a homomorphism mapp-
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ing , if B is an (€,€ vq, ) -fuzzy subring of H, then
f(B)isan (€,€ vq,,,) -fuzzy subring of R

The proof is omitted.
Theorem 3.15. Let f : R —H be a full homomorphism

mapping .If Ais an (€,€ v(, , ) -fuzzy regular subring
of R, then f(A) is an (g,evVv Qs ) -fuzzy regular

subring of H .
Proof Based on Theorem 3.13 , we know that f(A)is

an (€,€ vq, ,,) -fuzzy subring of H.For all ze H, exists
xe f'(27e R, Since A is an (€,€vq,,) -fuzzy
regular subring of R, there exists X'€ R_such that A(X)
VA= AX)A . For £(X)f(X)f(x)=f(xxx)= f(X)
=zs0 Z=f(X)eR,
F(AYD) A
=sup{AX)| f(X)=zxe Rl A u
=sup{AX) A | F(X)=2z xe R}
<sup{AX)vi|f(x)=zXeR}
=sup{AX) [ f()=zXe R}VvA
<sup{AX)|Z2f(X)eR,,Xe R}V 1
<sup{A(X)|Z = f(X),xe RZe R }v A
= F(A(Z)v A

Where Z € R,.
So f(A)isan (g,e vq, ) -fuzzy regular subring of H.
Theorem 3.16. Let f : R —» H be a isomomorphism
mapping.If B is an (€,€ vq, , ) -fuzzy regular subring
of H, then f7(B)is an (g, VO,,) -fuzzy regular
subring of R.
Proof Based on Theorem 3.14 , we know that f~'(B)is
an (€,€ vq,,,) -fuzzy subring of R. For all xe R,z=
f(x)e H, Since B is an (€, vQ ) -fuzzy regular
subring of H, therefore
£ (B)(X) A = B(F (X)) A
<B(zn)v 1 t 0
By f is a surjection , so there exists X'€ R such that
f(X)=2z,then f(X)= f(X)A (x)=f(X)F(X)f(x)=
f (xx'X) , since f is injection , then XXX = X ,therefore
X'e R and
f'(B)YX)Au<B(z)vA
=B(f(X))vA1
=f'(B)X)vA

existsze R

So f'(B)is an (e, VO, ) -fuzzy regular subring of R.

Theorem 3.17. Letf: R— H be a full homomorphism
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mapping ,if A is an (€,€ v(, , ) -fuzzy completely
regular subring of R, then f(A)is an (e,€ vq, ) -

fuzzy completely regular subring of H.
Proof f(A) is an (g,e vQ,) - fuzzy subring of H

based on theorem 3.13. For all Zz€e H , there exists
X€ R such that f(X)=Z.Since Ais an(€,e vq,,)-

fuzzy completely regular subring of R then there exists
X" € Rsuch that A(X")v A > A(X) A 1L , therefore ,
exists Z' = f(x")e H such that

f(A(Z) v A=sup{AX)| f(0)=2"}v A
=sup{A(X) v A|f(x)=2'}
>sup{ AX) v A f (x)=2"}
>suptA) A | F(X) =2}
=sup{AX) | f ()= 2 A
= (A Au
Therefore f(A) is an (€,€ vq, , ) -fuzzy completely
regular subring of H.
Theorem 3.18. Let f : R— H be homomorphism mapp-
ing , if B is an (€,€ vq, ) -fuzzy completely regular
subring of H, then f7'(B)is an (c,ev q, ) -fuzzy
completely regular subring of R.
Proof Based on Theorem 3.14 , we know that f~'(B)is
an (€,€ vq, ) -fuzzy subring of R Forall xe R,z=
f(x)e H, for B is an (€,e VO ) -fuzzy completely
regular subring of H, then there exists Z' € H such that
B(Z") v A= B(2) A u .Therefore
f'(B)X)vA=B(f(x)v1
=B(f(x)")v A
2B(f(x)Au
=T (B AU
Thus f~'(B) is an (€, vQ,,) - fuzzy completely

regular subring of R.

V. (€,€VvQ,,) -FuzzY WEAKLY REGULAR SUBRINGS

Definition 4.1 A generalized fuzzy subring A of a ring R
is said to be a generalized fuzzy weakly regular subring if

for all Xxe R, & AXYVAZAX)AU.

Definition 4.2 An(€,€ vq ,) - fuzzy subring A of a
ring Ris said to be an (€,€ vq, ) -fuzzy weakly regular
subring if for all Xxe Rand ae (4,1],
(X'EJ& X)g € VG, A

Theorem 4.1.Let A be a fuzzy subset of a ring R.Then

X, € Aimplies
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the following conditions are equivalent:
(1) Aisan (,€ vq, ﬂ)) -fuzzy weakly regular subring ;
(2) Ais a generalized fuzzy weakly regular subring;
(3) A,. #Dis aregular subring of Rfor all re [4,u).
Proof (1)= (2)

By definition 4.1,we have A is a generalized fuzzy
subring of R .Now

We only need to prove that ’VRX AX)v A= AX) A u for
Xe
all Xe R.Assume that there exists X, € Rsuch that

N A(XO’) v A< A(X) A, choose & such that v
><<)€R<O X()ERxO

AX )V A<a< AX) Al .Then A(x)>eaand A <o
<p e, (%), € Athen ( U X)), e vq,, Abased
%R, ”

on definition 4.2 and (x,), € A.But v A(XOI) <a,s0
%€R,

AC U XD,)+0{= N A()(O,)+a<20{<2/1,acontra—

’

X'€Ry % &R
diction.Thus (2)holds.
@)=
A'is an (€,€ vq, , ) -fuzzy subring of R based on
theorem 2.1 .Since A is a generalized fuzzy weakly regu-
lar subring of Rand (X), € A,then X,;/Rx AX)v A= A(X

YAUZ oA pforall Xe R.
Case 1:
When o < i ,then v AX)VAZo by A<aso

Y. AX)>a e, AU X)>a thatis (U X), € A.

xeRy xeRy
Case 2:
When o > i ,then we have A A(X)v A > u which
implies
A AX)=A( U X) = u therefore Al U X)+a>u
Xe ; ’

xeRy XeR,

+or> 24,50 (U X,)aq@,mA-
xeRy,

combine case 1 and case 2 ,we have ( U X’)a eV
XeR,

Q1A -Thus Ais an (€,€ vq, , ) -fuzzy weakly regular
subring.
2)=0)

Firstly,we prove that A, # ® is a subring of R for
all e [A,u). By Ais a generalized fuzzy subring of R
and for all X,ye A, ,wehave A(X+Yy)vA=A(X)A
A(Y) A > o Since A< 50 AX+Y) >,
i.e., X+ Yye A, .Similarly,we can prove that —xe A
and Xye A, .Therefore A _ # @ is a subring of R for
all e [A,u).
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Now we prove that A _ # @ is a regular subring of R.
By xe A,. and A is a generalized fuzzy weakly regular
subring,we have A AX)v A= A(X) A i > or which

Xe

implies v A(X)>a.wedefine v AX)—a=¢ then
XeR, XeR,
£>0and exists X € R such that A(X) > A AX)-¢
Xe

=« ,ie, Xe€ A_ .Thus A _is a regular subring of R for
all de[4,p).

3=Q2)

Firstly,we prove that A is a generalized fuzzy subring
of R Assume that there exist X, Y, € Rsuch that A(X, +

Vo)V A<ar< %) A A(Y,) A 4 then AX,) > at, Al
Y,)>aand A<a<p.ie., X,Y,€ A, since A_is a
subring of R for all r€ [A, 1) ,s0 we obtain that X, +Y,
€ A, thatis to say A(X, +Y,) >« which is a contradic-
tionto A(X, +Y,) <a.Thus A(X+Yy)vA=AX) A
A(Y)A u for all X,ye R .Simlarly , we can prove
AX)v A2 AX) A rand A(XY) v A= AX) A A(Y) A
M Therefore Ais a generalized fuzzy subring of R.

Next, we prove that for all Xe R, x';/Rx AX)v A=A

X) A p .Assume that there exists X, € Rsuch that v
%Ry

A% )V A<a< A%) A then A(x)>a, v

X eRXO

Ax)<aand A< o < i ie., X € A,_ by (3) we
obtain that there exists x, e Rxo such that x, < Ax

>

then A(Xo,) > o ,a contradiction.Thus A is a generalized

fuzzy weakly regular subring of R.
Corollary4.1. Let A be a generalized fuzzy weakly regu-

lar subring ,then A ={X|A(X) > A} is a regular subring

of R.
Theorem 4.2.A nonempty subset A is a regular subring of

Rif and only if y,is a generalized fuzzy weakly regular
subring of R .

Proof Based on theorem 2.4 ,we know that ¥, is a
generalized fuzzy subring of R.Assume that there exists

X, € Rsuch that v Za(X)V A< 7,(%) A i1 .Choose
X()ER(O

osuchthat v x,(% )V A<a< y.(%) A i then
xR,

2a(%) >0, v oya(%)<a and A<a<py e,
xR,

Xa(%)=1which implies that X, € A,by Ais a regular

subring of R,so there exists x, < R_such that x, e A,
0

ie., ;(A(XO’) =1>a ,a contradiction.Therefore ¥, is a
generalized fuzzy weakly regular subring of R .



JOURNAL OF COMPUTERS, VOL. 7, NO. 2, FEBRUARY 2012

Conversely , from theorem2.4 ,we obtain that A is a
subring of R .For all Xe A since y,is a generalized

fuzzy weakly regular subring of R ,so ’VRX XXV A2

Xa(X)Au=pu by A<u then ,va;{A(X')Z,u $0

& 7a(X) =1 ,ie,there exists X'e€ R such that

;(A(X') =1,s0 X'’€ A.So Ais a regular subring of a ring

R.

Theorem 4.3 Let f : R —H be a full homomorphism
mapping,if A is a generalized fuzzy weakly regular
subring of R,then f(A)is a generalized fuzzy weakly

regular subring of H .
Proof f (A) is a generalized fuzzy subring of H based on

Theorem 3.13 .For all ze H exists Xe R such that
f(X)=z,since Ais a generalized fuzzy weakly regular

subring of R ,then A AX)v A= A(X) A 1 and
fOOfF(X)F(x)=f(xxXX)=f(X)=2z,then f(X)e R, .
& f(A(Z)v A
= sup{A(X)| () =Z}v A
= sup{Z,;/Rz AX)|f(x)=Z}v A

> sup {x’va AX) v A

= Sup{x,;/Rx AX)v A}

2 sup {A(X) A 11}
=sup{A(X)} A u

> sup{ACO)| T (0= 2} A i
= (A A u

Thus f(A) is a generalized fuzzy weakly regular

subring of H .
Theorem 4.4 Let

mapping , if Bis a generalized fuzzy weakly regular

f:R—>H be a isomomorphism

subring of H ,then f'(B)is a generalized fuzzy weakly
regular subring of R.
Proof From Theorem3.14,we obtain that f~'(B)is a

generalized fuzzy subring of R. For all Xe R, then
z=f(X)e H Since Bis a generalized fuzzy weakly

regular subring of H , then 'sz B(Z)VA=B(2)Au.
Ze

By f :R— H be a surjection, thus exists y€ R, such
that 2= f(y)and f(X)Zf(x)=f(X)f(y)f(x)=f(x
yx)= f(X) ,Since f:R—H be a injection , then
Xyx = X. Therefore we have Z = f(y) € R,and ye R,
A f(B)X)v A
= B(f(x)vA4

> yeva B(f(y)vA4

©2012 ACADEMY PUBLISHER
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=X B(Z)v A4

>2B(2)Au

> B(f (x) A 4

= (B)X)Au
So f(B)is a generalized fuzzy weakly regular subring
of R.

V. CONCLUTIONS

In this paper , we gave the definitions of fuzzy (resp.
completely, weakly) regular subrings ,generalized fuzzy
(resp. completely,weakly) regular subrings,
(€evy,,) fuzzy (resp completely, weakly) regular

subrings and direct products of them . Moreover, we also
discussed the algebraic properties of them by their level
sets and extension principle .Finally , the properties of
their homomorphic image and homomorphic preimage
were discussed. The applications in computers need to be
researched further.
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