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Abstract：To improve the robustness and control precision of trajectory tracking for the four-wheel-driven 

wall-climbing robot, a novel back-stepping adaptive fuzzy sliding mode control (BFASMC) is proposed in the 

paper. Firstly, in order to make the tracking error between the actual trajectory and the reference trajectory 

of the WCR approach zero, the kinematic controller is designed based on the back-stepping method. Then, 

the output of the kinematic controller is used as the auxiliary speed input of the dynamic controller. To reduce 

chattering and restrain the uncertain parameters of the WCR, an adaptive control and a fuzzy control are 

introduced into a back-stepping sliding mode control (BSMC) to form the proposed method. Finally, 

simulation is conducted to track the straight line and circle. The results show that the proposed method 

improves the control precision and stability, and reduces the chattering in the process of switching sliding 

surfaces effectively. 
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1. Introduction 

Wall-climbing robot (WCR) is very important in detecting defects in storage tanks and oil pipelines for the 

petrochemical industry. The most commonly used wall-climbing robot is divided into wheel, foot and crawler 

[1], [2]. Considerable research and application have been utilized because of its relatively simple structure 

and movement, such as the permanent magnet adsorption omnidirectional wheel-driven wall-climbing robot 

developed [3]. It can adapt to various surface curvatures and it has better mobility than previous models.  

The wall-climbing robot is a type of nonholonomic mobile device influenced by nonlinear and strong 

coupling [4]-[6]. Trajectory tracking control is an important part of the control system of the wheeled 

climbing robot [7], [8]. The kinematics model is basically the same as the ground-wheel-climbing robot [9]. 

It is important that the dynamic model of the wheeled wall-climbing robot allows for the influence of 

adsorption force and gravity [10]. Therefore, in order to solve the problem of trajectory tracking in the 

wheeled wall-climbing robot, it is necessary to consider the influence of the force and instability factors to 

establish a complete dynamic model [11]-[13]. 

The kinetic model of the wheeled-climbing-wall robot was based on the momentum and the kinetic energy 

theories of variable mass Newtonian mechanics, which considered the influence of carrying the cable quality 

on the motion performance of the robot, but did not perform a stress analysis for friction [14]. The sliding 
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mode variable structure control is an important nonlinear control method with the advantages of being 

unaffected by parameter change and disturbances, quick to respond and without need for system on-line 

identification [15]-[18]. It is widely used in the field of robot control; however, the inevitable chattering effect 

that occurs in the process of a switching sliding surface influences the control performance of the system [19]. 

[20] proposed an adaptive sliding-mode controller based on the “Super-Twist” state observer (ASMC), the 

ASMC can provide a highly efficient control of nonlinear systems in the presence of nonmodeled dynamics 

and external perturbations. [21] proposed a sliding mode adaptive neural network tracking controller 

(SMANNC), the SMANNC can achieve a stable closed-loop system for the trajectory-tracking control of a 

mobile robot with unknown nonlinear dynamics. [22] proposed a novel adaptive dynamic sliding mode 

controller (ADSMC) with integrator in control loop for the trajectory tracking, for compensating uncertainties 

and disturbances, the equivalent control is augmented by a discontinuous control. [23] proposed a fuzzy 

adaptive multi-mode sliding mode control (FAMMSMC) for precision linear stage. Although the FAMSMC 

method can effectively reduce chattering, the control accuracy is relatively low and the pose error is relatively 

large. [24] proposed a back-stepping adaptive sliding mode (BASMC) trajectory tracking control for a quad-

rotor. The BASMC simplifies the controller design by using intermediate virtual control variables and 

Lyapunov functions, but fails to suppress chattering effectively. [25] proposed a back-stepping sliding mode 

control (BSMC) for variable speed wind turbine, but it still doesn't solve the chattering problem.  

To address the chattering and the uncertain parameters of the WCR, we propose a new trajectory tracking 

control in this paper. Our main contributions are summarized as follows：  

1. To improve the precision and stability of trajectory tracking for the WCR, the novel control method is 

proposed in the paper to effectively reduce the chattering effect in the process of switching sliding 

surfaces. 

2. In this paper, a new back-stepping fuzzy adaptive sliding mode controller (BFASMC）is proposed. Based 

on the kinematic and dynamic model of the WCR, the kinematic controller and dynamic controller of the 

WCR are designed. The control method with global asymptotic stability is proposed, and the stability of 

the system is proved by the theory of Lyapunov. 

3. The kinematic controller of the WCR is obtained based back-stepping method. To the best of our 

knowledge, this is the first time to use the output of the kinematic controller is used as the auxiliary 

speed input of the dynamics controller. 

4. The experiments show that the designed controller has tracked the straight line and circular reference 

trajectories of the WCR, and the proposed BFASMC method outperform the back-stepping adaptive 

sliding mode controller (BASMC). The simulation results demonstrate our proposed method is robust 

and real-time in the motion control of the wall-climbing robot. 

The novel BFASMC tracking structure is shown in Fig. 1. Firstly, the control function based on back-stepping 

is substituted into the differential equation ( eq  ) of the WCR pose error to design kinematic controller. 

Secondly, the dynamic controller of the WCR is designed by sliding mode control. Then the auxiliary velocity 

( eq ) of the output of the kinematics controller is selected as the input of the dynamics controller. At the same 

time, the gain ( ) of the sliding mode control is adjusted by the fuzzy control principle, and the uncertain 

parameters ( d ) of the dynamic model are estimated by the adaptive method. Next, the dynamic equation is 

derived from the torque ( ) output of the dynamic controller. Finally, according to the velocity (𝑣) of the 

output of the kinetic equation, the kinematics equation is obtained. The actual pose ( q  ) of the WCR is 

compared with the reference pose ( rq ), hence the pose error( eq ) is gain. So far, the feedback closed-loop 

control system of the WCR has been completely designed. The control system can greatly reduce the 
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chattering and steady-state error, and it makes the WCR complete trajectory tracking and reaches a stable 

state in a relatively short time. 
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Fig. 1. Structure of BAFSMC of the WCR. 

 

2. Kinematic Analysis of Wall-Climbing Robot 

2.1. Mathematical Model of Wall-Climbing Robot  

The wheel-climbing robot is a variety of the typical nonholonomic robot, and it is also a complicated 

nonlinear system [26]. A typical four-wheeled mobile robot geometry model is shown in Fig. 2. The center of 

mass (M) and geometric center (C) do not coincide and the spacing is l. The mobile robot is powered by four 

driving wheels with a diameter of r. The relative distance between the two wheels is 2b, and the distance 

between the adjacent wheels is 2d. θ is the direction angle, which is the attitude angle of the robot movement; 

x
•

 and y
•

 are respectively the speed of the robot along the X axis direction and Y axis direction in Cartesian 

coordinates.  
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Fig. 2. Schematic diagram of four-wheel drive mobile robot. 

 

To meet the non-sliding conditions and improve the reliability of the mobile robot, the following 

assumptions are made before analyzing the constraint equations of the four-wheel drive wall-climbing robot. 

The motion plane of the wall-climbing robot is a horizontal plane. The mass distribution of the car body is 

even, and the geometric center and mass center of the wall-climbing robot coincide at this time. 

2.2. Kinematic Controller Based Back-Stepping 

According to the back-stepping method, 
e  [27] is selected,  
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where ex  , ey   and e   are respectively the pose errors of WCR along horizontal direction, vertical 

direction and steering angle, and 
e  is the estimated value of e  . ( ) ( )1 2 sinrk t v t = +  , 𝜆1 𝑎𝑛𝑑 𝜆2  are 

the positive constants，its constraint inequality is: 1 2max
0.5rv +  , maxrv  is the maximum value of 

rv . This constraint can make 𝑘(𝑡) less than or equal to 0.5 for any value of t. By substituting equation (1) 

into the differential equation of position error of wall-climbing robot, the following equation can be obtained,
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where, 
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Let cv  and c  be the auxiliary speed control of v  and  , v  and   be the auxiliary speed control 

error, then， 

                         cv v v= − , c  = −                                 (3) 
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The following Lyapunov function is chosen as the stability criterion, 
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(5) 

 

The time derivative of 1V  can be obtained, 
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where 2

3 1 e = + . The auxiliary velocity of the WCR is selected as,  
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The kinematic controller Lyapunov function can be further rewritten as: 
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So far, the kinematic controller of the WCR has been derived. Next, the output of the kinematics controller 

is used as the auxiliary velocity input of the dynamics controller. 

3. Dynamic Analysis of the WCR 

3.1. Analysis of Supporting Force of Wall-Climbing Robot 

The plane force diagram of the WCR in the robot coordinate system is shown in Fig. 3.  

 

 
Fig. 3. Four-wheel drive mobile robot force diagram. 

 

When the robot is in a state of static adsorption, the supporting force of the driving wheel on the wall 

satisfies the following relations,      
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where 𝐹𝑁𝐿1 is the supporting force on the wall of the rear left wheel, 𝐹𝑁𝑅1 is the supporting force on the 

wall of the rear right wheel, 𝐹𝑁𝐿2 is the supporting force on the wall of the front left wheel, 𝐹𝑁𝑅2 is the 

supporting force on the wall of the front right wheel, 𝐹𝑃 is the adsorption force of the robot, and G is the 

overall weight of the robot. 

The anti-inertia force 𝐹𝑥  in the horizontal direction and  𝐹𝑦  in the vertical direction are respectively 

defined as: 
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where cx  and cy  are the horizontal and vertical velocity respectively. 

(1) When 𝐹𝑃 acts alone, the supporting force of each driving wheel is 
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(2) When the combined forces of the two components of the gravity component 𝐺 𝑠𝑖𝑛 𝜃  in horizontal 

direction and the inertia force Fx in horizontal direction simultaneously act, the supporting forces of 

the driving wheels are respectively,  
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(3) When the combined force of the gravity component 𝐺 𝑐𝑜𝑠 𝜃 in vertical direction and the inertia force 

Fy in vertical direction, the supporting forces of the driving wheels are respectively， 

 

                        

( )

( )

3 3

1 2

3 3

1 2

cos

4

cos

4

G y

NL NL

G y

NR NR

h F G
F F

b

h F G
F F

d





−
= =






−
= = −





                        (13) 

 

In the combined force of 𝐹𝑃 , gravity G and anti-inertial force 
xF   and 

yF  , the supporting force of each 

driving wheel is  
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Due to the uniqueness of the working environment, it is necessary to study the geometric constraint 

conditions of the wall-climbing robot to achieve a more complex trajectory movement. The steering mode of 

WCR is usually controlled by differential steering: the speed of the inside driving wheel is less than that of the 

outer driving wheel. Let   be the robot steering radius，so the inner wheel steering angle is  
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The lateral steering angle is 
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The speed of no more than 2 m/s is usually maintained to ensure the stability of the robot as it moves along 

the wall; the friction force and gravity are also necessary considerations. The friction force of the driving 

wheel can be divided into tangential friction force and transverse friction force.  

The longitudinal friction force
 

𝐹𝑥𝑓𝑖 is  
 

                                   ( )sgn cosxfi Ni xiF F v
r


=                          (17) 

 

The transverse friction 𝐹𝑦𝑓𝑖 is 

( )sgn sinyfi Ni yiF F v
r


=

                   

          (18) 

                                      1 1 2 2i L R L R= 、 、 、   
 

where σ is the driving wheel rolling friction coefficient. 

Next, we derived the uncertain parameters of the dynamic model of wall-climbing robot.  

3.2. Dynamic Equation of Wall-Climbing Robot 

The robot maintains balanced forces on all sides while moving on the wall. The dynamic equation of the 

nonholonomic mobile robot system is based on a generalized coordinate system founded on the Newton-

Euler equation [28]. The dynamics equations of this wheeled mobile robot are  
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In order to ensure the stability of the wall-climbing robot's movement on the wall surface, it is usually done 

at the low speed. Therefore, if 0ycv
•

= , the above formula can be rewritten as: 
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According to the velocity component of the WCR in Cartesian coordinates 𝑞̇ = (𝑥̇ 𝑦̇ 𝜃̇)  , the linear 

velocity component of the robot along its own coordinate system is obtained as: 
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Take the derivative of the above equation, 
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If 𝐴 = 𝑀𝑣̇𝑥𝑐，𝐵 = 𝑀𝑣̇𝑦𝑐, using A  and B  in formula (22): 
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If 𝜆 = −𝑀(ẋ cos 𝜃 + ẏ sin 𝜃)𝜃̇:           
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Combining（23）with（24）to obtain the following equation, 
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Assume that the driving wheel torque vectors for the left and right sides of the wall-climbing robot are
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Then (25) is expressed as a matrix,  
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Taking equation（27）to left multiply ( )qS T ，it can be seen ( ) ( ) 0= qAqS TT
  from the constraint 

condition，so equation（27）can be written as 
 

                   ( ) ( ) ( ) ** * *p dq q q F q GM C D  
••

+ + + =                      (28) 

 

where d  is an uncertain factor, d

 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

*

*

*

*

T

T

T

T

M q S q M q

C q S q C q

D q S q D q

S q B q T

 = 


= 
= 

= 
 = 

. 

4. Trajectory Tracking Control Law Optimization Design 

The error relation between reference position rq  and actual position q  of the wall-climbing robot can 

be expressed as, 
 

                     req q q= −
                                        

 (29) 

     

Therefore, the challenge of WCR is to find the appropriate control law to satisfy the following equation, 

 

                                lim lim 0e
t

r
t

q q q
→ →

= − =                                   (30) 

 

In the previous section, the kinematic controller is based on back-stepping. The WCR motion trajectory is 

tracked using the sliding mode variable structure control method, using the exponential reaching law. The 

stability of the proposed control rate is proved by Lyapunov stability criterion. Next, a fuzzy system is 

established, taking sliding surface function as input and    as output based on the fuzzy basic function. 

Finally, according to the adaptive rules, the uncertain parameter
d  of the mathematical model of the WCR is 

estimated and the stability of the adaptive control rate is proved.  

4.1. Sliding Mode Variable Structure Control 

The design of the sliding mode variable structure controller includes the switching function, which is 

designed to quickly reach the sliding surface, then the sliding mode with good dynamic quality is determined. 

The sliding mode variable structure control approach rate is designed according to the control requirements; 

it forms a clear sliding mode area to achieve the design purpose. The exponential reaching law is used in the 

paper. Before reaching the switching surface, the speed is faster and the approach time is shortened; when 

the switching surface is reached, the speed becomes very small, and chattering is weakened.  

The sliding surface is chosen as,  

eeS q cq
•

= +                                       (31) 
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where c  is the three-order diagonal matrix, ( )321 cccdiagc = , 0ic . The reaching law [29] selected 

is                  
 

 ( )1 2sgnS k S k S= − −                                   (32) 

 

Here, ( )1312111 kkkdiagk = ， ( )2322212 kkkdiagk = ， 0ijk ， is a constant between 0 and 1. 

Combining formula（29） with（31）to obtain the following equation, 
 

    r eq q c q S
•• •• • •

= − +
                                      (33) 

 

Using (33) in (28) obtains the sliding mode variable structure control law, 

 

( ) ( ) ( ) ( ) ( )* * * * *d e p dM q q M q cq M q S C q F D q G = − + + + +              (34) 

 

The Lyapunov function [30] is chosen to analyze the stability of control law, setting the function as, 
 

MSSV T

2

1
=                                      (35) 

 

Obviously, V is a positive definite matrix，take the derivative of V with respect to time,  

 

( )
1

2

T T TV S MS S MS S MS= + +                             (36) 

 

The combination of formulas (28), (31), (32), (36) results in the following equation, 

 

   ( ) ( )2 1 1 2

T T T

d dV S k S k S k S k S = − − + = − −                       (37) 

 

As 
1

TS k S  is a positive definite matrix，according to (37)，to make the 0V  ， 2d k   must be satisfied, 

guaranteeing that the sliding surface can be reached in a finite time; therefore, the control law is 

asymptotically stable. 

4.2. Fuzzy Control System 

Because the sliding surface is constantly switching, when 0S → ，
2 0k S → , but ( )

0
lim sgn 0
s

S
→

 ; so that the 

system will further produce buffeting. To speed up the arrival time and reduce the chattering, the fuzzy 

system is established in the paper, taking S  and S
•

 as input and   as output to control the gain of  . 

The fuzzy control algorithm based on fuzzy basis function is used to establish the fuzzy system between input 

and output, and the gain is adjusted by fuzzy rule. 

Applying the IF-THEN rule, the fuzzy controller is constructed, and let the input and output linguistic 

variables of the fuzzy set be｛NB,NS,ZO,PS,PB｝. Where NB means negative big，NS means negative small，

ZO means zero，PS means positive small，PB means positive big. The fuzzy control rules can be expressed 

as: 
( )

:
J j j

i S iF IF s is R THEN k is C ， where iS S ，the fuzzy set is j

SR ， ik k ， jC  is the output of fuzzy 

rule J. The following fuzzy basis function [31] is chosen, 
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
= =

=




                                

 (38) 

 

where jx  is any input variable，the membership function is ( )i
j

jR
x ，m and n means fuzzy rule number. 

Gauss membership function is chosen as the membership function for the fuzzy system. The Gauss type 

membership function is determined by the parameters    and c  .    is positive and c   is used to 

determine the center of the curve. For x is an independent variable, the representation of the Gauss type 

membership function is as follows, 

 

                               
 (39) 

 

According to the previous fuzzy basis function, the Gauss membership function is chosen, 
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  = − −

 

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                             (40)

 
                                                             

According to the fuzzy basis function and the gaussian membership function, the fuzzy control rules are 

shown in Table 1.  

 

Table 1. Fuzzy Control Rule Table for Output Values   
 NB NS ZO PS PB 

NB NB NB NS NS NB 

NS NB NB NS NS NS 

ZO PS NS ZO PS NS 

PS NB NS PS PS PS 

PB NB NB PS PB PB 

 
In the application of the fuzzy inference system, using the product inference machine, the single valued 

fuzzy controller and the center average fuzzy controller, the fuzzy controller output is as follows， 
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( ) ( ) ( ) ( )
1 1 1

1 2

i i i i

T
m

k i k i k i k is S S S    =     and 
1 1 1 1

1 2

i i i i

T
T m

k k k k
  =       are respectively expressed 

as the height vector and the center vector of the k1 membership function.  
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4.3. Adaptive Control System  

Because of the uncertainty of 
d  in the dynamic model of the wall-climbing robot, the adaptive control 

law is used to estimate the questionable parameters of the control system. 

From the proof of the Lyapunov stability of the control law, the following equations [32] are chosen to 

approximate the uncertainty of the model. 

 

  
( )T S =                                         (42) 

 

where, 

( )
11 12 1

11 12 1

m

m

T

k k k

k k k

S     =  


  =     

                           (43) 

 

Let η be the arbitrary positive real number. According to the approximate principle, the uncertain 

disturbance of the wall-climbing robot must satisfy the following inequality, 

 

( )ˆ T

d iS S   −                                 (44) 

 

where ̂  is the estimated value of  , λ is an integer between 0 and 1， 1,2,3i = . 

Then the e  error of   can be expressed as, 

 

ˆ
e =  −                                     (45) 

 

As per the trajectory tracking control law of the wall-climbing robot, the adaptive law can be designed as, 

 

( )T

e S S =
                                  

(46) 

      

The Lyapunov function is chosen to carry out the stability analysis of the (46),  
 

1 1

2 2

T T

e eV S MS= +                               (47) 

 

Take the differential of (47) can be obtained 

 

( ) ( )
1 1

2 2

T T T T T

e e e eV S MS S MS S MS= + + +   +                (48) 

 

Exploiting (37) in (48) obtains 

 

( )2 1

T T T

d e eV S k S k S= − − +  
                     

 (49) 

 

Combining equation (42), (43), (45), (46), (49), then, 

 

( ) 1
ˆT T T

dV s S S k S  = − −
 

                          (50) 
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Following the inequality (44), the equation (50) can be changed into the form of inequality, 
 

( ) ( )
3

2

1 1

1

T

i i i

i

V S k S k S 
=

 −  −                          (51) 

 

It can be seen from equation (51)，if 1i ik  ，so V  is constantly less than zero. Meanwhile，when 0S = ，

0V = , then, 

 

( ) ( )lim lim 0r r
t t

S q q c q q
→ →

= − + − =  
                      

 (52) 

 

Due to c is a positive definite matrix，so 

 

lim lim lim limr r
t t t t

q q q q
→ → → →

= =，
                           

 (53) 

 

The formula (53) proves the asymptotic stability of the designed trajectory tracking control law and 

verifies its feasibility. 

The design of sliding mode fuzzy adaptive controller based on back-stepping of WCR trajectory tracking 

system is completed. 

5. Trajectory Simulation 

In this section, we verify the effectiveness and stability of the proposed control law through experiment. 

The mathematical model of a four-wheel drive wall-climbing robot is described by equation (10). The main 

parameters of the four-wheel-driven wall-climbing robot：M =4.8 kg, J = 3kg.m2, d =0.1mm, b =0.25m, p =0.2m，

μs=0.05，Fp=30N，δ=0.015，hG=0.05，r =0.1m. Sliding mode controller：k21 =0.01, k22 =0.02, k23 =0.03, α=0.5.  

Scenario 1: WCR tracks the straight line trajectory, the reference trajectory linear equation is: ( )rx t t= , 

( )ry t t= , ( ) 4r t = , the initial pose of the reference trajectory is ( )0 0rx = , ( )0 0ry = , ( )0 0r = .The 

initial position of the WCR is ( )0 1.2x = , ( )0 1.2x = , ( )0 2y = − , ( )0 2 = , 0.3rv = m/s, 0 = rad/s. 

The simulation results are as follows, 

Fig. 4 shows that the proposed BFASMC converges from the initial position to the reference line trajectory 

in 4 seconds, and the tracking error ( e e ex y  ) converges to zero. The torque ( ) is also achieved to meet 

the requirements. 

Scenario 2: WCR tracks the circular trajectory, the circular trajectory equation is ( ) ( )4 sinr r rx t v t= ,

( ) ( )4 sinr r ry t v t=  , ( )r rt t =  . The initial pose of the reference trajectory is ( )0 1rx =  , ( )0 0.4ry = −  ,

( )0 3r = . The initial position of the WCR is ( ) ( ) ( )0 0.5, 0 0.5, 0 4x y  = = − = , 0.3rv = m/s, 0.25 =

rad/s. The simulation results are as follows,  

Fig. 5 shows that the proposed BFASMC converges from the initial position to the reference circular 

trajectory in 3 seconds, and the tracking error ( e e ex y   ) converges to zero. The torque (  ) is also 

achieved to meet the requirements. 
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(a) BFASMC trajectory of the straight line      (b) BASMC trajectory of the straight line 

                                              

 
(c) BFASMC error of tracking straight line     (d) BASMC error of tracking straight line 

 

 
(e) BFASMC torque of tracking straight line     (f) BASMC torque of tracking straight line 

Fig. 4. simulation curves of the straight line trajectory of WCR. 

 

 

 
(a) BFASMC trajectory of the circular          (b) BASMC trajectory of the circular 
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(c) BFASMC error of tracking the circular      (d) BASMC error of tracking the circular 

 

 
(e) BFASMC torque of tracking the circular      (f) BASMC torque of tracking the circular   

Fig. 5. Simulation curves of the circular trajectory of WCR. 

 

Table 2. The Pose Error Convergence Time Dynamic Controllers 

control 
method 

Pose error convergence time (s)    Pose error convergence time(s) 

straight line circle 

The BASMC 7.2 6 

The BFASMC 4 3 

 

The result shows that the BFASMC achieves better performance compared to BASMC in tracking the 

straight line and circular trajectory. Compared with the BASMC, the pose error convergence time of the 

proposed BFASMC in tracking the straight line and circular trajectory are respectively shortened by 3.2 

seconds and by 3 seconds in Table 2. 

6. Conclusions 

In this paper, we proposed a novel trajectory tracking system of WCR based BFASMC. To further reduce the 

steady-state error of the control law and the number of switching times of the sliding mode surface, we firstly 

explored that the output of the kinematics controller based back-stepping is considered as the auxiliary 

velocity input of the dynamics controller. Furthermore, adding fuzzy control algorithm structure based on 

fuzzy basis function was feasible to efficiently improve pose error convergence speed and trajectory tracking 

performance. Then an adaptive control method is added to adjust the uncertainty of the system. The 

experimental results show that the proposed tracking algorithm has better tracking effect and stability than 

the state-of-the-art methods. 
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