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Abstract: In this paper, a cooperation network and a competition network consensus problem of multi-agent 

systems is study. The communication topology among agent is characterized by a directed and connected 

graph. And Communication between the cooperation network and the competition network through their 

respective leaders. The two networks can be made to reach stable and consensus by setting parameters and 

between the two leaders. Sufficient conditions are derived to reach a global consensus based on algebraic 

graph , matrix theory, and stability theory. With theoretical analysis, it obtains the value range of the 

parameters. For the case of switching topology, a sufficient condition is obtained under the assumption that 

the total period over which the leader is globally reachable is sufficiently large. Finally, through the MATLAB 

simulation, an example is presented to illustrate the correctness of the theoretical results.  
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1. Introduction 

In recent years, great interest has been aroused in research on multi-agent systems (MAS) [1]-[6], whose 

consensus problems also attract a lot of attentions of researchers. To a great extent, this is because their wide 

applications in flocking, formation control about unmanned vehicles and congestion control in 

communication networks [7]-[12].  

As a very valuable important issue in the multi- agent systems, consensus means agents achieving an 

agreement on their common state by using information from their local neighbors. Consensus can not only 

be used to explain flocking of social animals but also can be applied on attitude alignment, air traffic control, 

wireless sensor networks and mobile Robotic swarms [13]–[16]. Consensus problems of multi-agent systems 

are often refined into higher-order consensus, finite-time consensus, adaptive consensus, heterogeneous 

consensus and leader-following consensus [17]-[25]. 

Leader-following consensus is a major theoretical and practical value problems, which is widely used in 

the fields of unmanned air vehicles, mobile robotic swarms, wireless sensor networks and cooperative 

surveillance [26]-[29]. For the case of leader-following topologies, in [30], the leader-following consensus for 

multi-agent systems was studied by using the sampled-data control approach. The topology considered is 

deterministic. Both leaderless and leader-following consensus problems were studied in [31]. And through 

using Lyapunov theorems and Nyquist stability criterion，the stability or bounded-ness conditions were 

presented. In [32], the leader-following consensus problem of multi-agent systems with double-integrator 
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dynamics was considered, and then a necessary and sufficient condition for the case of fixed topologies and a 

sufficient condition for the case of switching topologies were shown. In [33], distributed observers were 

designed through learning from a leader-following consensus problem for a multi-agent system with a 

switching topology.  

However, almost all of the previous studies were only concerned with the consensus of multi-agent 

systems or Leader-following consensus. This paper focuses on studying the consensus problem of both 

multi-agent systems and Leader-following. 

This paper is organized as follows. First, two multi-agent systems with leader between the cooperation 

network and the competition network is designed. Then, stability of sufficient condition of two multi-agent 

systems is obtained. Finally, numerical simulations are implemented to demonstrate the analytic results. 

2. Topology Description 

In this section, some basic definition in graph theory, the system model, are firstly introduced for 

subsequent use. Graphs are used to describe the interconnected topology of agents. 

We consider two system, and one consists of N agents and a leader (labeled by 0) which is depicted by a 

graph G, and the other also consists of N agents and a leader (labeled by 0 ) which is depicted by a graph S. 

Let ( , , )G V A  be a weighted digraph with a set of nodes {1,2,..., }V N , a set of edges V V    and a 

weighted adjacency matrix [ ] N N

ijA a R    with nonnegative elements. A directed edge ( , )j i   denotes 

that agent i can obtain information from agent j, or agent j can reach agent i. If there is an edge from agent j 

to agent i, agent j is called a neighbor of agent i  and 0ija  ; otherwise 0ija  . The set of neighbors of the 

ith agent i is denoted by { ( , ) }iN j V j i    . Diagonal matrix 
1 2{ , ,..., }ND diag d d d , whose diagonal 

elements 
i

i ijj N
d a


 , is the degree matrix.At the same time, let ( , , )S C   be a weighted digraph 

with a set of nodes {1,2,..., }N  , a set of edges     and a weighted adjacency matrix 

[ ] N N

ijC c R    with nonnegative elements. 

The Laplacian of weighted digraph G and weighted digraph S is defined as 
GL D A   and 

SL F C  , 

respectively. Diagonal matrix 
1 2{ , ,..., }NB diag b b b  and diagonal matrix 

1 1{ , ,..., }NE diag e e e  are the 

leader adjacency matrix associated with G and S, where 0ib   and 0ie  if nodes are the neighbor of 

node i, 0ib   and 0ie   otherwise.   represents the Kronecker product of matrices. 

3. Problem Formulation 

In this paper some mathematical natation will be presented as follow. 
nR  denote the n-dimensional 

real vector space. Consider system (1) and (2) withs witching graphs. The system (1) corresponding 

Laplacian, degree matrix, adjacency matrix and leader adjacency matrix are denoted by , ,GL D A and B , 

respectively, and 
G GH L B  . The system (2) corresponding Laplacian, degree matrix, adjacency matrix 

and leader adjacency matrix are denoted by , ,
S

L F C  and E, respectively, and 
S SH L C  . 

Consider the following two systems, one is cooperation network and the competition network with 

leader. Two networks only through their own leader communication (cooperation-competition), α, β is the 

mutual influence between the two leader. By setting the topology para-meters to make the model to be 

uniformly stable. Therefore, we propose the following framework described by (1) and (2): 
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where , R    is the mutual influence parameters between the two leader. 

Considered as a whole, between four dynamic system is coupled to each other, 
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Then system (3) can be simplified as follows. 
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Theorem 1: Suppose that GH  and SH  contain the directed spanning tree, then systems (1) and (2) is 

uniformly stable if   
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Proof. Just the eigenvalues of A is the negative. 
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Suppose that GH  and SH  contain the directed spanning tree, so 0GH  . Then by (5), the following 

sufficient condition can be obtained: 
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Remark 1. Compared with [34], we consider a cooperation network and a competition network consensus 

problem of multi-agent systems. 
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Fig. 1. The evolution of states x(t). 
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Fig. 2. The evolution of states y(t). 
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Fig. 3. The evolution of states x(t) and y(t). 
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4. Numerical Simulation 

In this section, one simulation experiment are provided to demonstrate the feasibility and effectiveness 

of our theoretical analysis. Assume that A =(0 1 0 0;0 0 1 0;0 0 0 1;0 0 0 0), diagonal matrix B =(1,1,1,1), 

C =(0 1 0 0;0 0 1 0;0 0 0 1;1 0 0 0); diagonal matrix E =(1,1,1,1). Let α=1, β=1; Fig. 1 displays that the 

multi-agent network (1) is the evolution of states x(t). Fig. 2 shows the evolution of states y(t). And 

meanwhile, Fig. 3 demonstrates the evolution of states x(t) and y(t). 

5. Conclusion 

This paper discussed the consensus of two multi-agent systems with leader between the cooperation 

network and the competition network. We get a sufficient condition when two multi-agent networks achieve 

consensus. Namely, the range of parameters α, β. We assume that the multi-agent network is strongly 

connected or contains a directed spanning tree. Network-based consensus is studied in the consensus of two 

multi-agent systems with leader between the cooperation network and the competition network. 

6. Conclusion 

A conclusion section is not required. Although a conclusion may review the main points of the paper, do 

not replicate the abstract as the conclusion. A conclusion might elaborate on the importance of the work or 

suggest applications and extensions.  
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