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Abstract—It is known that kernel regularized online
learning has the advantages of low complexity and simple
calculations, and thus is accompanied with slow
convergence and low accuracy. Often the algorithm are
designed with the help of gradient of the loss function, the
complexity of the loss may influence the conver gence. In this
paper, we show, at some extent, the strong convexity can
increase the learning rates.

Index Terms—Online lear ning, Strong convex loss, L earning
rates

1. INTRODUCTION

Online learning is an important research area of
machine learning (see [1,2,3,4]). In addition to the novel
learning theory questions that they arise, online
algorithms are also attractive in processing large data sets
since they process one example at a time and can be more
efficient than that of the batch algorithms (see [5,6,7,8,9]).

Let K:XxX =R be a function of continuous,
symmetric and positive semi-definite, i.e., for any finite

set of distinct points {X,X,,...,% } € X , the matrix
(K()Q,Xj))T is positive semi-definite. Such a kernel is
ij=1

called a Mercer kernel. The RKHS H, associated with
the kernel K is defined to be the closure of the linear span
of the set of functions {K, := K(X,"): xe X} with the
inner product <.,->K satisfying <KX, Kt>K =K(x,t). The
reproducing property is given by
(K, f), = f(x),Vxe X, feH,.
Denote C(X)as the space of continuous functions on

X with the norm ||_. Then the reproducing property
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tells us that

1L <Kl k= fapKocR,vr < .

Let X be a compact subset of R and Y ={-1,1}. The

relation between the input Xe X and the output yeY
is  described by a  probability  distribution
P Y) = p(Y]X)py (X) on Z=XxY, where p(y|X)
is the conditional probability of Y given Xand p, (X)is
the marginal probability of X . The distribution p is
known only through a set of
samples Z :{zi}iT=1 ={()g,yi)}iT=l independently drawn
according to p .

Classification algorithms produce binary
classifiersC : X — Y . The misclassification error is used
to measure the prediction power of a classifierC. If pis

a probability distribution on Z=XxY , then the

misclassification error of Cis defined by
R(C):=Prob{C(x) = y} = | P(y=C() [ x)dpy -
Here P(y| x)is the conditional probability atXe X . The

classifier minimizing the misclassification error is called
the Bayes rule f_and is given by

¢ _) L Py=1pg=PCy=-1]x),

° {—1, otherwise.

The performance of a classifier C can be measured by the
excess misclassification error R(C) —R(f,).

The binary classifiers C: X — Y may be induced from
real functions f:X — R by C, =sgn(f) which is
defined by sgn(f)(x)=1 if f(Xx)=0
sgn( f)(X) = —1 otherwise.

A loss function V : R— R is often used for the real-

and

valued function f to measure the local error suffered
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from the use of sgn(f) as a model for the process
producing yatxe X .

The batch learning algorithm for a classification
associated with RKHS H, , the sample and a

classification loss function V(t)is

TS e
f,, =arg ?;1&‘1: {?Z‘V(yt f ()([))+5|| f ||K } )
where we call V(t) a normal classification loss function

if it is a convex function on R',V'(0)<0 and 1 is its
minimal zero. The most usual classification loss is the
least square loss V(1) = (1-1)*.

It is easy to see that f , has behaviors similar to

regularization function f 2’ € H defined by

f) :=argg1Lr:{€(f)+%Hin}.
where
E(f)=[ V(yf ()dp-

We call (1) the batch learning scheme since it uses all
the samples up once, which makes the computations more
complexity when the number (i.e., the T ) of samples is
large. On the contrary, online learning algorithms operate
by repetitively drawing random examples, one at a time,
and adjusting the learning variables using simple
calculations that are usually based on the single example
only. Of course, the low computational complexity (per
iteration) of online algorithms is often associated with
their slow convergence and low accuracy in solving the
underlying optimization problems. Therefore, the
investigation on the problem of what cause will influence
the performance is needed. Many papers have devoted to
this field (see e.g.[10,11,12,13]). Among the researches,
[14] defined a kind of general classification learning
algorithm associating with convex loss and reproducing
kernel spaces and showed the convergence rates. The
algorithm is improved in as the fully online learning
algorithms. On this basis, [16] defined a kind of online
classification learning algorithm with the generalized
gradient of the loss function. The new online algorithm
needs only less additional assumption on the loss and
derives a strong convergence rate in case of convex loss
(the algorithm are redesigned in [17,18] basing on the
strong convexity of the loss).

Definition 1. The generalized gradient descent online
algorithm is defined by f =0and

foa=f-m |:G(ytft(xt))ythl+ﬂft]’ t=1....,T @)
where G(t)e dV(t) and oJV(t) is the generalized
gradient (see the Appendix) of V(t)at T, 7, >0is the

step size.
The problem that we are most interested in is whether

the classifiers sgn( f;,,) will converge to f_. The aim of

theory analysis for the classification algorithm (2) is to
bound the excess misclassification error

9'{(Sgn( fT+1 )) _9{( fc) . (3)
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By [16] we know that if V/(t)is a convex loss and
satisfies some differentiable assumptions, then there is a
constant C,, such that for any measurable function f

R(H-R(F)<C(EH-E(F,))",
where
f/ =arginf{E(f): fis measurable on X}.
Moreover, there are

EMN-E()=E)-E(T)+E(f)-E(T))

<EH-E(f)+DA)»

where
. ﬂ/ :
D(A) = f1611'_{< {8(f)—g(f:)+3“f“K}

is called the regularization error which measures the
approximation ability of the space H, . If H, is dense

in C(X), then we know limD(A)=0 . We usually
A0

assume that there is a constant A>0 such that

D(A) < A1’ (see [14,19]).
Also, by [16] we know there exists a constant
C. ‘| such that

8(f)—8( fz)SCA,fA ”f - fﬂ”K'

Then, to bound (3) we need to estimate || fr,—f /1"K .

When V(t) is a normal convex classification loss, [16]

shows that if we choose the stepas =~ 1 for some

Cut
Oe (0,1] and p(A) =M (A)k*>+A . Define { f} by (2)

and C, =4k’ |V°[_ . 2 for t=1,....T .
C..[-k“|G(0)/A],k*|G(0)/A]]
Then
2
EXEZT (|fT+1 N fﬂ”K)
[2D(ﬂ) . 9C, T J
A 1-6)2"(u(A))?
(=02 @) @
< exp{—uT“g}, 0<@<l,
31-0)u(d)
[2D(/1)+ 25C ] T—Jﬁ’ P
A () (Bu)- 1)

On the other hand, we notice that, besides [17,18],
there are other papers(see e.g.[10]) which borrow the
strong convexity of the loss function to design online
algorithm. Then, whether the convergence is influenced
by the strong convexity is a topic needed to be
investigated. This is the main motivation for writing the
present paper. We give the following results.

Theorem 1. Let V(t) be a strong convex loss with

modulus 0 <C < 3. Define{f, }tT:] as in (2) and

— _ 5 2.,
Ci=k (e gow] * 2KEOL, [ew ow] * “
;) P ’ A7

Then, we have for =t™%,0 < @ <1 that
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EerT(| T+ ~f ” )

D(1) 3 -6 _~Hl-6
Txexp{— 3(1_9) [(T+1) -2 :|}
+ 64C +£ (5)
T T (1-6)2"°

xexpl - (1=2"e(T+1)"°
3(1-6) ’

D(A) c, T+l 24C;
xexps——log + o, 0=1
2 3 2 | @B-o)(T+))
Comparing (5) with (4), we can see that the strong

convexity actually increase the learning rates since the
modulus C

IN

0<6<l,

II. PROOFS

To prove (5), we need some lemmas.
Lemma 1. (see [16]) Let V be a strongly convex with
modulus C >0, { f,} be defined by (2). Then

6], < k‘G(O)‘ Vie N. 6)

(6) shows that the sequence{ f, }L is bounded in H,
Lemma 2. Assume V(x)is a convex loss function, then
for any G(yf,'(x))e oV (yf, (x))and any f e H, there
holds
([ yoory odp, f-17) +A(f),f-1) =0 ()
z K K
Proof. Since V(x)is a strong convex function, we know

E(f))is also a strong convex function onH, as well.

Therefore, we have

0<— {( (f"+0f)+—HfV+9ij [ (fl)+%fﬂvij}

\%
< ([, ye(y(1! 001 00)dp.6f ),
A6
) ®
Taking @ — 0, we have for any f € H, that
0g<jz yG (Y () dp, f>K +A(1. 1) =0,
which together with the variousness of f € H, gives

([,ye(sY 00)dp. 1) +af) =

Thus (7) holds.
Lemma 3. Let V be a strongly convex loss function with

the modulus C>0andA>0. Then, for any f ¢ H Ko there
holds

VIR Ay v Afevie ).
- s(em-dih Hea L) ©

Proof. Define a univariate functionH = H (&) on [0,1] by

+ﬂ<f2’,f>K+

H@O)=E(T) +6(f - f}))+§H fy
0e[0,1], fe H,.
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Then
H(1)=€(f)+’21

_ AT
HO) =&+ 2| ]
Since V(x) is strongly convex loss, as a function of @,
H is also strongly convex. Take f,=f'+6(f-f)) .

H2 and
gllk

Then H (9) can be rewritten as 1y ) = £( f,) +£Hf
2

H(@+A8)-H(0)

=E(fp.0)—E(f)+= (" fMHH - fe"i)

On one hand, by the mean value theorem for the
generalized gradient (see the Appendix), we have a

ue (6,60+A@)and a G(u)e oH (u) such that

H(6+A8)—H(6) = A6G(u),
and also there is g € ( fg, f9+A9 ) such that
H@+A0)-H(O)

2

= <€(g)> fH+At9 - fe Hf - f/;/HZK ’

When A8 — 0, then there is a G(yf) (x))e aV (yf) (X))
such that

G(&)=([,6(v1,(0) ydp.
The definition of f, gives
G0)=([, Yo, ()dp, f — 1) +A(1),F 1)),
+A0(f -1, f—1)) .
On the other hand, by (7) we have

>K +/1A9<f9’ f- f‘Y>|< +

A(46)
2

—f}>K+;t(f9 f-1)) -

ﬂ<f,¥’ f- > <_[ yG ¥, (X))dp5 >K :
Therefore,
6(6)=(], Y(B(,00) -G ) dp, T~ 1Y)
w0t -] - (10)

Since V is a strongly convex function with modulus
c>0, we have

(I A(G(4,00)-C( 00))dp. 1= 17), zea] =]

(11
(10) can be rewritten as G(@)> (,1+c)<9||f —-f/ "2
K

follows

HI=H©O) = [ (H(1)-H(0)de
= [ (H®)-H(©)do+ [, (H(@)-H(0)do
zjolé(e).(l—e)dmo
>(a+0)|f - 1| [ 60-6)de
(2 - w2 -

(9) then holds.
We now give the quantitative description for the

\Y
fT-v-l - fAT K
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Lemma 4. Let the sequence {ft}tT:1 be defined as (2) and
there is a constant C,>0 such that the sequence

H, (%) = G(Y, f () VK, (X) + A f (X) satisfies

E, s (IH[ ) SC (12)
Then
e [ = ;)
(1B, (- wf om0

Proof. Rewrite the algorithm (2) by f
simple computation gives
| fu.— f/;/"i :" f— f,;/ _77th||?<

=t = M 2 (H £ -

=f -nH,. Then,

t+1

() - (19)
Since
<an!—ft>K=G<ytf[(x>)-(y[fV<x>—ytf(x))+ﬂ<f B -1,
<V (%Y (x))-V (||fV|| -[14J;)
and f dependson {z,...,Z_ ] butnoton Z , we have

e, (o7 1), )s(Ean Sl - eIk |
15)

(v f.(x))+

Combining (15) with (9), we have
Cc
E,. . (<HI, B =t ) <—E,.

z,
(14),(16) and (12) give (13).
Lemma 5. Let {f, }L satisfy the assumptions of Lemma 4.

w(lt-tl)- a9

Then, we have for T >t that

Ez,.....zT ( fT+l - f)?/ "i)
< exp{—giﬂt}XEzl,zz,....z‘”] ( flu - f;/ "i)
Y XGXP{_‘ 2 } an

t=t, j=t+1

Proof. Applying the relation

t=T,T-1,...,t,, we have

Ez,,...,z-r ( fT+1 - f/;/ ||2K)

C C 2
<Cpp +(1—577T { l—gnmjx E, .. (H fry - ffK)+Cmﬁl}

(1S 1= e, [l )
+C, (1 ‘%”T jﬂ?_l
<...

T Cc
)
t=t,

iteratively ~ for

fto_ /;/H )+C 2771

t=t,
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(18)

><H (1——77 j Ty =0

j=t+1

Since 1—u< e foru> 0, we obtain (17) by (18) .
Lemma 6. Let { f, }tT:l satisfy the assumptions of Lemma 4.

Then, for 7 =17°,0 < & <1we have

2
EX pal ( T+ f,;/HK)
S%wxexp{—git }+C Zt ngexp{——z 1‘9}
t=1 j=t+1

(19)
To make precise estimate for the right side of (19), we
cite two lemmas.

Lemma 7. (see Lemma 4 of [14]) For any t <T and
0< @ <1, there holds

1-6
3T 6[(T+1) —(t+)7 ] <Ly,
=t log(T +1)—log(t +1), 6=1.

Lemma 8. (see Lemma 5 of [14]) Let 0 < ¥ <1 and
0<@<1.Then

LR LI
ztﬁexp{—vz 17 }
t=1 j=t+l1

is bounded by

—U(l_zgl)(T+1)'€}, o<1, Q1)

18 + 9 ” XeX
oT? =02 T e

T(T +1)7,
Proof of Theorem 1. By (6) we know
k2G(O)
” ft”(:(X) = k” ft”K < T

6=1.

It follows |yt ft(x[)| ke G( ) and for any G(t)e oV (t)
we have
Glv o)=L e v
172 2
Therefore,

E,nes (IR
=aé (| GO0 K. %)+ 2460 1,00 £ )+ 1,097
E, 0 (| ], GOYR (0 K6 X)dp +22] G(YE ()Y, (x)dp

+A? fl(x) <C. (22)
Combining (22),(21) and (20) with (19), we have (5).
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APPENDIX : RESULTS ON CONVEX ANALYSIS

Let (X,<~,->) a given Hilbert space with inner product
(-,-) which induces the norm || = /(,-) - Then, we say a

function f : X — R is strongly convex on X if for any
Ae[0,1]and X, X'e X there holds

fAX+A=-AX) < AT (X)+(1-A)f (x‘)—@"x— x'||2,

where ¢ >0 is the modulus of f . It is known that if f is

a strongly convex function on X, then it is Lipschitz on
X , i.e., there is a constant L>0 such that for
any x,x'e X holds

| (0— f(x)|<Lx=x].

The generalized gradient of f at X, denoted by of (x),
is a subset of X defined by & e of (x)if and only if for
any X€ X there holds for alll € X

<§,I> < f°(x;1) =limsup foerth = 1) :
X'—=x,tL0 t

By Theorem 6.1.2 of [20] we know if f (X) is strongly

convex with the modulusC > 0 on X, then
of (x) = {fe X f(x)—f(x)2(&x'- x>+§||x’— x||2}
which equals that for all & e of (x ) holds
(&-&x—x)zcx-x[-
Also, for any & e of (x) there holds
f()— f(x)< (& x=x).

The following mean value theorem for the generalized

gradient is very important (see Theorem 2.3.7 of [20]).
When f is Lipschitz on an open set containing the line

segment [X,X,] for X,X € X , then, there exists
ue (X, X,) such that
F ()= F(x,) < (af U, % =)

Moreover, by Proposition 6.2.2 and Theorem 3.1.2 of
[20] we know ifV(t) is a convex function on R with

Lipschitz constant L >0 , then, the image 9V (B) for a

bounded set BC R is a bounded set and for any
&e oV(B)there holds || < L.
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