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Abstract—The sparsity of signals in their transformed 
domain is widely used for under-determined blind source 
separation. The most challenging task of under-determined 
BSS is to estimate the mixing matrix. In this paper, a new 
cost function is proposed to detect the sparsest sub-band. 
Samples in the sub-band can be used to estimate the mixing 
matrix. Finally some numerical experiments are performed 
to evaluate the effectiveness of the proposed algorithm.  
 
Index Terms—under-determined blind source separation, 
sparse component separation, wavelet packet transform, k-
means clustering 
 

I.  INTRODUCTION 

Blind source separation (BSS) is the process of 
separating a set of unknown original signals from their 
mixtures without any knowledge about the mixing 
process or the signals [1-2]. The linear BSS problem can 
be described as: 

( ) ( ),     1, 2, , ,t t t N= =x As L                    (1) 
where 1 2( ) [ ( ), ( ), , ( )]T

mt x t x t x t=x L  are the observed 
signals and 1 2( ) [ ( ), ( ), , ( )]T

nt s t s t s t=s L are the unknown 
original source signals. t is the discrete time sequence 
and T is the transpose operator. ( )ij m na ×=A is the 
unknown mixture matrix with full row rank. The main 
objective of BSS is to estimate the matrix A and the 
source vectors s . In the last 20 years, a lot of algorithms 
were proposed for this purpose. In the cases of over-
determined and determined, i.e. the number of sources is 
less than or equal to the number of mixtures, independent 
component analysis (ICA) method was widely used [1-2]. 
However, in practical application the number of sources 
is usually more than the number of observed sources, 
which is called under-determined BSS. When mixing is 
under-determined, the performance of the ICA method 
was poor and instead sparse component analysis (SCA) 
was used [3-6]. Sparsity arises in many practical 
problems, e.g. unmixing spectral data [7], feature 
extraction and image processing [8], music transcription 
[9], etc. A signal is said to be sparse in the temporal 
domain only when a few number of sources have 
significant values and most of them are almost zero at 

each time point [10]. Even if the sources are non-sparse 
in time domain, they may be sparse in another linear 
transformed domain. For example, acoustic signals may 
not be sparse enough in time domain, but they are sparse 
in time-frequency domains [11], and image signals have 
strong low frequency components and few edges, but 
their wavelet coefficients are sparse [11]. Hence if we 
transform the time domain signal into the transformed 
domains, the sparsity can be utilized to separate the 
signals from their mixtures. 

By making additional assumptions on the source 
signals, several time-frequency (TF) algorithms are 
proposed to solve the SCA problems [12-14]. In [13]，it 
divides the TF methods into three sets. And all the 
approaches presented in the papers which involve in [8] 
use the same TF transforms i.e. the Short-Time Fourier 
Transform (STFT). However, the STFT includes the 
choice of the window functions and overlap length. In 
order to overcome these restrictions, wavelet packet 
transform has been proposed for BSS to instead of STFT, 
which allows isolation of the fine details within each 
decomposition level and enables adaptive subband 
decomposition [14]. In [14], it acquires the mixed matrix 
by searching the independent sub-components based on 
approximation of the mutual information (MI) with the 
assumption of wide-band source signals are dependent 
and some of their sub-components are independent. This 
assumption may help to solve some practical BSS 
problems, but it does not necessarily hold. In this paper, 
we assume that the mixing model is expressed as model 
(1) in which the number of sources is equal to or larger 
than the number of observations (i.e. ≤m n ), in addition, 
all of the source signals are sparse in at least one 
frequency sub-band. Without loss of generality, it is 
further assumed that the columns of A are normalized [3-
4], i.e. 2

1
1m

iji
a

=
=∑ , 1, ,j n= L . 

The SCA problem is usually solved in two steps. The 
first step is the estimation of the mixing matrix, and the 
second step is the recovery of the source signals by 
knowing the mixing matrix. Note that in the under-
determined case, knowing the mixing matrix does not 
directly result in the recovery of the sources [11]. In this 
paper, we only consider the problem of the estimation of 
the mixing matrix. The main contribution of this paper is * Corresponding author 
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the efficient algorithm proposed in section 3 for the 
detection of sparse sub-band which can be used for the 
mixing matrix estimation. We propose an approach to get 
the sparse sub-band, which is based on multiresolution 
decomposition using wavelet packet (WP) based iterative 
filter banks [14]. In order to enable the filter bank to 
adaptively select the sub-band with the sparsest 
components of the source signals, we have introduced a 
criterion based on the minimum sums of within-cluster 
average distance ( WCAD ). To state the idea more 
precisely, firstly, we introduce a WP based approach to 
BSS obtaining adaptive sub-band decomposition of the 
observed sources. Secondly, we introduce the minimum 
sums of WCAD  in each sub-band as a criterion for the 
selection of the sub-band with the sparsest components. 
Then, the sub-band so obtained is clustered using the k-
means clustering algorithm and principal component 
analysis (PCA) for the mixing matrix. 

The rest of the paper is organized as follows. In section 
2, we describe the problem formulation and compare 
several time-frequency translations. The algorithm for 
estimating the mixing matrix is proposed in section 3. In 
section 4, we present some simulation results and finally 
the conclusion is drawn in Section 5. 

II.  PROBLEM FORMULATION 

A.  SCA Model 
    For the SCA, model (1) can be written as 

11 1

1

1

( ) ( ) ( ),   1, 2, , .
n

n

m mn

a a
t s t s t t N

a a

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= + + =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

x M L M L      (2) 

For a fixed time point t, if only the i-th source is active, 
i.e. ( ) 0is t ≠  and ( ) 0,   ,js t j i= ≠  1, 2, ,j N= L . Then mo- 
del (2) can be reduced to the following formula,  

1 1( )
( ).

( )

i

i

m mi

x t a
s t

x t a

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟=⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

M M                          (3) 

Obviously, formula (3) is a linear equation, which means 
that all the columns of mixing matrix A are the hyperline 
directions in the scatter plot of the observed data x . In 
other words, for the estimation of mixing matrix A , we 
have to find these directions by solving the adaptive 
clustering problem.  

The essence of the sparse approach is the identification 
of line orientations vectors from the observed signals. 
And the higher sparsity is a requirement for good 
estimation of mixing matrix. In this situation a possible 
solution is to look for a linear transform T such that the 
new representation of the data is sparser [15]. The 
transformation being linear, the mixing matrix is 
preserved and model (1) can be rewritten as 

( ) ( ).T T=x A s                               (4)  
The key is how to choose the linear transform T . For this 
purpose, STFT has been used in [3-4, 15-16]. Although 

the signals can be sparser by using STFT, it involves the 
choice of the window function and overlap length. In [11], 
it was said that the Hanning window performed better 
than the Hamming window or the square window. As in 
[16], with the same source signals and the same mixing 
matrix A , the difference in overlap length may lead to 
the error in mixing matrix estimation.   

As a consequence, we choose wavelet packet 
transform (WPT) instead of STFT. The main reason is 
due to the existence of WPT in a form of iterative filter 
bank and the multiresolution property of WPT which 
allows isolation of the fine details within each 
decomposition level and enables the adaptive sub-band 
decomposition [14]. It means that a sparse sub-band 
which is arbitrarily narrow can be isolated by progressing 
to the higher decomposition levels. 

B.  Multiresolution Wavelet Packet Decomposition 
    We express each source signal in terms of its 
decomposition coefficients [14]: 

( ) ( ),j j
ki ki js t c tα α

α

ϕ= ∑                               (5) 

where the indexes , , ,j k i α  represent the scale level, the 
sub-band index, the source index and the shift index, 
respectively, herein 1, 2, , 2 jk = L . ( )j tϕ  is the chosen 

wavelet and j
kic α  are the corresponding decomposition 

coefficients. If we choose the same representation space 
as for the source signals, each component of the observed 
data x  can be written as  

( ) ( ),j j
kp kp jx t d tα α

α

ϕ= ∑                               (6) 

where p is the observed signal index. Let vectors 
1 2

j j j j T
k k k knc c cα α α α=c [ , , , ]L and 1 2

j j j j T
k k k kmd d dα α α α=d [ , , , ]L

be constructed from the l-th coefficients of the sources 
and mixtures, respectively. From (1) and (6) using the 
orthogonally property of the functions ( )j tϕ , we obtain   

j j
k kα α=d Ac .                                (7) 

Note that the relation between decomposition 
coefficients of the mixtures and the sources is exactly the 
same as in the original domain of signals. The estimation 
of the mixing matrix is performed using the decomposition 
coefficients 1 2y ( ) [ , , ]j j j j T

k k k kmt d d d= L of the mixtures. 

III. PROPOSED APPROACH 

At j-th scale level, in each sub-band k , to reduce the 
effect of outliers, we first remove columns ( )y j

k t  from 
the matrix y j

k  that are close to origin (i.e., their norms are 
below a small threshold). Most of them are generated 
from the source signal whose components are close to 
zero. Then, we normalize j

k ty ( )  to unit length in the 
preprocessing stage by the following formula: 

( ) ( ) / ( ) .y y yj j j
k k kt t t=                           (8) 
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Next, mirror the directions. That is, the points lying in 
the under side of the horizontal axis in the scatter diagram 
are mapped to the upper side by changing their sign: 

( ) ( ) ( ( )).y y yj j j
k k kt t sign t= ×                         (9) 

 Through processing the sub-band sources, which is said 
standardization, all of the data are projected to the upper 
unit semicircle or unit sphere or hyper unit semisphere. 
Each line corresponds to one category on the unit 
semicircle.  
 Then, we divide j

k ty ( )  into n categories using k-means 
clustering, where ( )j

ki ty  is the i-th cluster and j
kiy is the 

mean of the corresponding cluster. The within-cluster 
sum of point-to-centroid distance can be written as 

( ( ), )
( ) ,  1, 2 ,

y yj j
ki kij

k j
ki

d t
D i i n

l
= =∑

L .           (10) 

where j
kil  is sample size of the i-th cluster. The distance 

values can be calculated using the 2l -norm. After that 
calculate the sum of within-cluster average distance 
(WCAD ): 

 
i=1

( )
  

jn
j k

k
D i

WCAD
n

= ∑  .                       (11) 

Note that, the more obvious the straight line is, the 
smaller the distance j

kWCAD  will be.  
Once we succeed in obtaining the most sparse sub-

band q, the n cluster centers in this sub-band correspond 
to the column vectors of the mixing matrix A up to 
permutation and scaling. In order to accurately estimate 
the mixing matrix A , calculate the first eigenvector and 
its corresponding largest eigenvalue of the matrix 

( ) /y y
Tj j j

kq kq kql⋅ . This eigenvector is chosen as one 
column of the estimation of the mixing matrix. 

The error in mixing matrix estimation can be further 
decreased by removing the points which are away from 
the center of the cluster. Here we remove those points by 

j
kqicσ , where c is a constant and j

kqiσ  is the standard 
deviation of the samples in the i-th cluster. In other words, 
the h-th sample in the i-th cluster is removed if 

( )j j j
kqi kqi kqih cμ σ− >y , where j

kqiμ  is the center of the i-th 
cluster. 

WP algorithm for estimating A can be outlined as 
follows: 

Step 1. Perform multiresolution wavelet packet deco- 
mposition of the mixed signals x . 
    Step  2.   Remove the ( )y j

k t  from the matrix y j
k  when 

( )y j
k t ρ< . 
Step  3. Standardize each sub-band signals. 

    Step 4. Split each sub-band signals to n clusters by k-
means clustering. 
    Step 5. Calculate j

kWCAD , find the minimum WCAD  
corresponding to the sub-band j

kqy . 

    Step 6. Calculate j
kqiμ , j

kqiσ in the q-th sub-band, then 

remove columns ( )j
kqi hy  from i-th cluster if 

( )j j j
kqi kqi kqih cμ σ− >y  . After that, we obtain a set of sub-

matrices j
kqiy% .  

Step 7. In each cluster, calculate the first eigenvector 
corresponding to the maximum eigenvalue of the 
correlation matrix ( ) /

Tj j
kqi kqi il⋅y y %% % , where il%  is the sample 

size of i-th cluster. Finally this eigenvector is taken as the 
corresponding column of the estimation of mixing matrix 
A  up to permutation and scaling.  

Note that, in order to select adaptive decomposition 
level, one way to automate algorithm completely is to 
monitor the rate of change of the WCAD , as 
decomposition level is increasing and stop when rate of 
the change is small or there is a 0.05j

kWCAD < . That is, 
we can compare WCAD  in the parent and child nodes 
and decide whether the further splitting was fruitful. If 
the child nodes do not differ significantly among each 
other in the WCAD  or there is 0.05j

kWCAD < , we can 
stop the further decomposing in that direction. 

IV. SIMULATION 

A.  Comparison with Different linear transformations 
We begin with an example of two speech signals in 

different linear transformations. The considered two 
sources are from the experiment “FourVoices_src” in 
[16], each source has 65536 samples. The mixing 
matrix is followed by  

0.2588 0.9659
-0.9659 -0.2588
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

Α , 

two mixtures were obtained by =x As . Fig. 1 gives 
the scatter plot 1x  against 2x  in different linear 
transformations. Fig. 1(a) presents a scatter plot of the 
observed signals showing a single big cloud. As can be 
seen, the different sources are indistinguishable. Then 
each mixture is Fast Fourier transform (FFT) 
transformed and the scatter plot of the frequency 
domain data is shown in Fig. 1(b) from which we 
cannot see any noticeable line directions. So STFT 
with Hanning window is used (see [15] for details). The 

 
(a)                                                 (b) 
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(c)                                                 (d) 

 
(e)                                                 (f) 

Figure 1. Scatter plot 1x  vs. 2x which mixed by two speech signals. 

(a) the observed signals 1x and 2x ; (b) the transform domains of FFT; 
(c) the transform domains consists of the coefficients of 2048-point 
windowed FFT, the hop distance is 64; (d) the hop distance is 512; (e) 
the wavelet packet is sym8 with 3 scale level and the sub-band is 4; (f) 
the scale level is 4 and the sub-band is 9. 
scatter plot of x  with 2048L =  and 64d = is shown in 
Fig. 1(c). And the scatter plot of x  with 2048L =  and 

512d =  is shown in Fig. 1(d). Further, wavelet packet 
is applied on observed data，in which the wavelet filter 
is chosen by the sym8 from SymletsA family [17]. The 
scatter plots of the frequency domain data j

ky  for 
3,  4j k= =  and 4j = , 9k =  are depicted in Fig. 1(e) 

and Fig. 1(f), respectively. In contrast, WPT is obvious- 
ly better then FFT and STFT in this example. Almost all 
significant data are clustered along the two directions of 
the basis vectors. 

B. Results with Determined and Underdetermined Case 
In order to show the efficiency of the proposed 

algorithm in identifying the sparsest sub-band and 
estimating the mixing matrix, the following numerical 
experiments are carried out in determined and under-
determined cases. To check how well the mixing matrix 
is estimated, we introduce the following normalized mean 
square error (NMSE) in dB as a performance index [4]: 

2
,

10 2
,

( )
10 log ,

ˆ( )

a
NMSE

a a
αβα β

αβ αβα β

⎛ ⎞
⎜ ⎟=
⎜ ⎟−⎝ ⎠

∑
∑

            (12) 

where âαβ is the ( , )α β th element of the estimated matrix 

Â . In all the tests, we use WPT with 4 decomposition 
levels. Regarding the type of the wavelet, our choice is 
sym4, from SymletsA family [17]. And let 0.1ρ =  and 

0.05c = . The experiments are conducted on the following 
sets of signals: a SixFluteMelodies data which are not 
sparse in the time domain from www.ac.upe.es 
/homes/pau. Each source has 58492 samples. 
Determined Case:  
    Experiment 1: 2m n= =  

Two flute signals are mixed into two mixtures using 
0.2588 0.9659
0.9659 0.2588

⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

A . 

We compute the j
kWCAD  from (9) and (10). Table 1 

shows the WCAD among the corresponding sub-bands of 
the wavelet trees obtained after WP based 
decomposition of the observed data. From table 1, the 
3th sub-band at the level 2 corresponds to the minimum 

2
3 0.0016 0.05WCAD = < . So we can choose the 3th sub-

band at the level 2 as the sparsest sub-band for the mixing 
matrix estimation. Fig. 2 presents the observed signals 
(left) and the corresponding standardized signals (right) at 
different decomposition level , 1, , 4j j = L . 

As can be seen, the first subplot in Fig. 2(a) (from left 
to right) showing a single big cloud, it corresponds to the 
third subplot in Fig. 2(a) showing a semicircumference. 
Obviously, the different sources are indistinguishable. 
Similarly, almost all data are clustered along the two 
directions of the basis vectors at the fifth subplot in Fig. 
2(b), and it corresponds to the seventh subplot in Fig. 2(b) 
showing two distinct clusters in upper semicircle. From 
Table 1 and Fig. 2, we observe that the smaller the 
WCAD  value, the obvious the clusters, and the sparser 
the sources. 

 
 

  
(a)  j=1 

TABLE I.   
THE WCAD BETWEEN THE SAME NODES IN THE WAVELET PACKET TREES 

OF THE OBSERVED SIGNALS IN EXPERIMENT 1 

Level 1 Level 2 Level 3 Level 4 
0.3621 0.4159 0.3639 0.4228 

   0.4012 
  0.3771 0.4293 
   0.3397 
 0.3549 0.3775 0.3873 
   0.3592 
  0.3773 0.3805 
   0.4300 

0.0342 0.0016* 0.0017 0.0025 
   0.0046 
  0.0153 0.0559 
   0.0071 
 0.0687 0.0910 0.2120 
   0.1085 
  0.0716 0.1116 
   0.1117 
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(b)  j=2 

  
(c)  j=3 
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(d)  j=4 

Figure 2. the WPT of the observed signals (left) and the corresponding 
standardized signals (right) at different decomposition level , 1, , 4j j = L . 

Using the proposed algorithm, we obtain the estimated 
mixing matrix as follows:  

0.2607 0.9658ˆ
0.9654 0.2593
− −⎡ ⎤

= ⎢ ⎥
⎣ ⎦

A , 

the estimation error obtained is 56.934dbNMSE = . In 
this case, because A  is invertible, we can recover the 
sources by 1 1ˆ ˆ( ) ( ) ( )t t t− −= =s A x A As% . 

Underdetermined Case  
Experiment 2: 2,  3m n= =  
Three flute signals are mixed into two mixtures using 

0.7071 0.2588 0.9659
0.7071 0.9659 0.2588
⎡ ⎤

= ⎢ ⎥− −⎣ ⎦
A . 

We compute the j
kWCAD  from (9) and (10). The 

WCAD  among the corresponding sub-bands of the 
wavelet trees obtained after WP based decomposition of 
the observed data is shown in Table 2. From table 2, the 
2th sub-band at the level 1 corresponds to the 

1
2 0.0073WCAD = . Although the 1

2WCAD  is not the mini- 
mum 4

9( 0.0013)WCAD = , 1
2 0.05WCAD <  has satisfied 

the stopping condition for decomposition. So we can 
choose the 2th sub-band at the level 1 as the sparse sub-
band for the mixing matrix estimation. 

     Like Experiment 1 analyses, the first subplot in Fig. 
3(a) (from left to right) showing a single big cloud, it 
corresponds to the third subplot in Fig. 3(a) showing a 
semicircumference. Obviously, the different sources are 
indistinguishable. Similarly, almost all data are clustered 
along the three directions of the basis vectors at the 
second subplot in Fig. 3(a), and it corresponds to the 
fourth subplot in Fig. 3(a) showing three distinct clusters 
in upper semicircle. From table 2 and Fig. 3, we find that 
the smaller the value WCAD , the obvious the clusters, 
and the sparser the sources.  

Using the proposed algorithm, at the 2th sub-band at 
the level 1, we obtain the estimated mixing matrix as 
follows:  

 
(a) j=1 

 
(b) j=2 

TABLE II.   
THE WCAD BETWEEN THE SAME NODES IN THE WAVELET PACKET TREES 

OF THE OBSERVED SIGNALS IN EXPERIMENT 2 

Level 1 Level 2 Level 3 Level 4 
0.2261 0.2258 0.2260 0.2232 

   0.2232 
  0.2309 0.2321 
   0.2260 
 0.2279 0.2480 0.2503 
   0.2434 
  0.2140 0.2135 
   0.2353 

0.0073* 0.2463 0.0015 0.0013 
   0.0035 
  0.0066 0.0219 
   0.2320 
 0.0091 0.2563 0.1577 
   0.0362 
  0.0077 0.0146 
   0.0097 
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(c) j=3 
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Figure. 3  the WPT of the observed signals (left) and the corresponding 
standardized signals(right) at different decomposition level , 1, , 4j j = L . 

1

0.2521 0.7163 0.9652ˆ
0.9677 0.6978 0.2614

A
− − −⎡ ⎤

= ⎢ ⎥−⎣ ⎦
, 

the estimation error obtained is 41.2203dbNMSE = . At 
the same time, we calculate the Â  at the 9th sub-band at 

the level 4. It  is 

2

0.2611 0.7128 0.966ˆ
0.9653 0.7013 0.2585

A
− − −⎡ ⎤

= ⎢ ⎥−⎣ ⎦
, 

the estimation error is 46.2051dbNMSE = . Compare 
with these two NMSEs, there is only a little difference, so 
we choose the 2th sub-band at the level 1 as the sparse 
sub-band for the mixing matrix estimation is reasonable. 

V. CONCLUSION 

In this paper, we proposed a novel WP-based approach 
to estimate the mixing matrix for linear instantaneous 
mixtures. Adaptive sub-band decomposition was realized 
through WPT implemented in a form of iterative filter 
bank. The sub-band with the sparsest component is 
selected by measuring WCAD  between the same nodes 
of the wavelet tree in the multiresolution decomposition 
of the observed signals. Then we can estimate the mixing 
matrix A  in this sub-band through clustering algorithm. 
The proposed algorithm does not have any restriction on 
the number of sources and mixtures. Our method 
provided some major advantages over classical ICA 
methods. That is: 
    (1) We can accurately estimate A  as long as the 
source signals satisfy sparse at one sub-band regardless of 
under-determined case or over-determined case. 

(2) If A is invertible, we can recover the sources 
by 1 1ˆ ˆ( ) ( ) ( )t t t− −= =s A x A As% . (Ex.1) 

(3) If the source signals are enough sparse, we can get 
the estimation of the source signals through the FOCUSS 
algorithms [18-19], linear programming (LP) [20-21] or 
the short path decomposition [15,21] after knowing Â . 

(4) This method can be extended to higher-dimensional 
situation. (Ex.2) 

Our further investigations will focus on the extension 
of the proposed method to the dependent sources 
separation, which is a more important but complicated 
problem.  
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