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Abstract—In this paper. We introduce a general iterative
method for the family of mappings and prove the strong
convergence of the new iterative scheme in Banach space.
The new iterative method includes the iterative scheme of
Khan and Domlo and Fukhar-ud-din [Common fixed points
Noor iteration for a finite family of asymptotically quasi-
nonexpansive mappings in Banach spaces. J. Math. Anal.
Appl. 341 (2008) 1-11]. The results generalize the
corresponding results.

Index Terms—strong convergence, common fixed point,
generalized asymptotically quasi-nonexpansive mapping,
viscosity iteration sequence, modified W-mapping

I. INTRODUCTION

Let C be a nonempty subset of a real Banach space
E and T a self-mapping of C. The set of fixed points
of T denote by F(T) and we assume that F(T) #¢@.

The mapping T is said to be generalized asymptotically
quasi-nonexpansive [1] if there exists two sequences

{u} ., {h} in [0,+e) with limu,=0 and

N—oco

limh, =0 such that

|
(1.1)

where N=1,2,.... If h, =0 for all N>1, then T
becomes asymptotically quasi-nonexpansive mapping; if
U,=0 and h,=0 for all N>1, then T becomes

is known that an
mapping is  an

T "X~ pHS(1+un)||x— pl+h, .
VxeC,peF(),

quasi-nonexpansive mapping. It
asymptotically =~ nonexpansive
asymptotically quasi-nonexpansive.

Let C be a nonempty closed convex subset of a real
Banach E, {S } a family of generalized asymptotically
nonexpansive mappings of C into itself and let
{a,:n,ie N,1<i <k} be a sequence of real
numbers such that 0 <&, <1 for every Nie N,
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1<i<K. Then we consider the following mapping of
C into itself:

Uln :(l_aln)l +a1nsn’
U2n =(1_a2n)| +a2nSZnU1n=

(1.2)

— n
U(k—l)n =(1- a(k—l)n)l + a(k—l)ns(k—l)u(k—z)n >

W, =U,=(0-,)! + aan?U(k—l)n .

Such a mapping W, is called the modified W-mapping

generated by S,S,,...,§ and @,,,0,,,...,0, (See
(4D

In 2008, Khan, Domlo and Fukhar-ud-din [2]
introduced the following iteration process for a family of
asymptotically quasi-nonexpansive mappings, for an

arbitrary X, € C:

yln = (1 - aln)xn + alnsnyom

y2n = (1 - a2n)xn + 0{2nSzny1n ’

: (1.3)
Yiken = (1- a(k—l)n)xn + a(k—l)nS?—l Yik=2)n >

Xon = (I- O{kn)xn + O(an: Yik-1yn>

Yon =% » @, c[0,1] (i=12,..,k) ,
n=1,2,...
{X.} defined by (1.3), converges strongly to a common

where

and proved that the iterative sequence

fixed point of the family of mappings if and only if

liminf, ,_d(X,,F)=0 , where d(x,F)=
inf"X— p|| . (1.3) may denote by
peF

Xour =Wi X, (1.4)

where {S}, is a family of asymptotically quasi-

nonexpansive mappings of C into itself.
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Recently, Chang, lee, chan and kim [3] introduced the
following  iteration  process of  asymptotically
nonexpansive mappings in Banach space:

X, = ﬂ'n f (Xn) +(1 _ﬂ“n)snynﬂ
Yo = ﬂnxn + (1 —ﬂn)San,

where {4}, {£,} <[0,1], f isa fixed contractive
mapping, and gave the sufficient and necessary condition

(1.5)

for the iterative sequence {X } converges to the fixed

points of S.

For a family of mappings, it is quite significant to
devise a general iteration scheme which extends the
iteration (1.3) and the iteration (1.5), simultaneously.
Thereby, to achieve this goal, we introduce a new
iteration process for a family of mappings as follows:

Let C be a nonempty closed convex subset of a real
Banach E, {§:C— C,i=1,2,...,K} a family of
generalized asymptotically quasi-nonexpansive mappings
and f:C—C a fixed contractive mapping with

contractive coefficient € [0,1]. For a given X € C,
the iteration scheme is defined as follows:

X1 = ﬂn f (Xn)+(1 _ﬂn)Wan’

where {4 }€ [0, 1]. Further, let {T, :C —>C,ne N}

be a family of mappings. We propose the following
iteration scheme:

X = /ln f (Xn)+(1_ﬂ'n)Tan ’

where {4, }€[0,1].
The purpose of this paper is to study the convergence

(1.6)

(1.7)

problem of the iterative sequences {X } defined by (1.6)
and (1.7). The results extend the results of [2].

II. PRELIMINARIES

Lemma 2.1 (see [5]) Let {&,}, {0,} and {y,} be

sequences of nonnegative real sequences satisfying the
following conditions:

a,,=(+6,)a,+7,, VneN,

where X 0, <oo and X, ¥, <oo, then lim, ,_a,
exists. Moreover, if in addition, liminf, _._a =0,
then lim,_,_a, =0.

Next, we introduce two new conditions. Let C be a

nonempty closed convex subset of a real Banach E . Let
T, and 7 be families of mappings of C into itself such

that ¢ # F(7) . F(T,), where F(T,) is the set
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of all fixed points of T, and F(7) is the set of all
common fixed points of 7 . Then, T is said to satisfy:
(@) condition (I) with 7 if for Y€ F(7), there exists
two sequences {0, }n., and {¥,}., in [0,o0) with
X- 0, <+oo, X ¥ < oo such that

ITx=y|<+8)|x=y|+7,. ¥xeC,ne N;

(b) condition (IT) with 7~ if condition (I) is satisfied and
F(T)=NLFT).

Lemma 2.2 Let C be a nonempty closed convex subset
of a real Banach E, T and 7 two families of

mappings of C into itself such that ¢ # F(7)C
(N~ F(T,). Suppose that T, satisfies condition (I) with
T . Let {4} be a sequence of real numbers with
0<A <1 for all NneN , XA <oo . Let f:
C — C be a contraction with 0 < & < 1. The sequence
{X.} defined by (1.7), then

(D) there exists a sequence {& } in [0, 0) with

>~ & <+oo such that

||Xn+1 - p||S(1+5n)||Xn - p||+§n’
V pe F(7), Vne N ;

(2) there exists a constant M| >0, such that

Xoem — P = My|[X, — P+ M, j»
H <Ml = pl+M. 3¢

i=n

VpeF(T), VnmeN .

Proof. (1) Let p€ F(7"), by (1.7), we have

1% — 1]
< A f (%) = B+ 1= 2)[T. %, — p|
< Aadx, = p|+ 4, T (p) - p
+(1=A) {1+ 8,)%, = B+ 7}
={da+1-A)1+8)}x, — p
+(1=2)% + 4| f () - p
<{Aa+1=-2)A+6)Hx, - p|
+ 7.+ 4 f(p) - p
<(1+6,)% - p[+&,.

where £, =7, + 4[| f(p) - p
completes the proof of (1).

Q2.1

, 2o & < oo . This
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(2)If t >0, then 1+t < €. And for all integer M>1,
by (2.1), we obtain

||Xn+m - p” < (1 + 5n+rrH)||xn+rTH - p” + §n+rrH
<1+ 5n+m—1){(1 + 5n+m—2 )||Xn+m—2 - p”
+ n+m—2} + §n+m—1

n+m-1

< H(l +5i )mewz - DH
j=n+m-2
+ (1 + 5n+rrH )(§n+rm2 + n+rTH)
n+m-1

IN

H (1 +5j )[(1 + 5n+m—3 )HXner—3 - pH

j=n+m-2

+ n+m—3] + (l + 5n+m—1)(§n+m—2 + n+m—1)

n+m-1
< H(l +5j )“Xn+m—3 - pH
j=n+m-3
n+m-1 n+m-1
+ JTa+s) 2.6
j=n+m-2 j=n+m-3

IN

n+m-1
[Ta+5)x,~p|

j=n

n+m-1 n+m-1

+ [Ja+6) Z.f

j=n+1

Q%Zﬂhwn
p(z(s}zf

j=n+l1

<M, [x, - p||+MIZ§]- ,
j=n

where M| = exp(ET:1§ ;) - This completes the proof.

Lemma 2.3 Let C be a nonempty closed convex subset
of a real Banach E. Let § (i=12,...,K) be k
generalized asymptotically quasi-nonexpansive self-
mappings of C with U, h,6 c[0,e0) such that

X U, <+eo and X N <+oo for all ie N |
1<i<k . Suppose N, F(S)#¢ and {@,}C
[0,1] (i=1,2,...,K) for all Nne N . Let W, be the
modified W-mapping generated by S, S,,...,S, and
o for all ne N . Then W,
condition (I) with {S}¥, .

o, 0, ...,0, satisfies
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Proof. From (1.2) we obtain that (¥, F(S) c F(W,) .

Let vV, =max, . U for all ne N

n s Since

X" U <+oo for each i, therefore XV, < +oo. For
all pe NI, F(S) and xe C
that
U rl< - B
S - g0+ Bl +h,)
<(1+u,)[x— p|+h,
<1+v,)|x=p+h,-

, it follows from (1.2)

Assume that

HU inX— pH <(1+v)|x=p|+A+v,) =LA,
holds for some 1< j <K —1. Then

||U(j+l)nX_ p” < (l_a(j+1)n)||x_ p”
Sn

j+1

+a(j+1)n

Uyox=p)

< (=)} = P+

XA+ U )| X = P+ )
< (1= 00X = P+

X (14U ) {1 +v,) ' [x= p]

+(1+Vn)j_lzij=lhn}+0‘(j+1>nh<1'+l)n
<{U= 0 y) + (1Y) ™)

x|x=p+(1+v,)’ Zij:] o+
j+1

<1+v)M|x=p|+A+v,)’ JZhn
i=1

Thus, by induction, we have

U ox= g < @ +v) [x=p|+ A+v) >,

i it
< T e o
eVn(i—l)Z h
i=1 N
=148,k ol 4
i=1,2,....k

(2.2)
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j j! r — ]
where, 5jn=zr=1mvn > 7/jn_MiZi:1h” ’

M =sup "™ Since XV, <+ and
n

TN, <teo for all 1<i<k , therefore X7 0,

<+ooand LT, 7;, <+eo (1< j<K). Hence,

WX = P =[Uix = p|| < (A+3)X— P+ .

Thus, W, satisfies condition (I) with {§ }Ik -1~

n
Lemma 2.1 in [2] can be easily elicited from lemma
2.2 and lemma 2.3.

III. STRONG CONVERGENCE THEOREMS FOR THE FAMILY
OF MAPPINGS

Theorem 3.1 If all the condition of lemma 2.2 are
conformed, and plus one another that F(T) be a closed
subset of E. Then the sequence {X,} defined by (1.7)
converges strongly to pe F(7)c (1 F(T,) if and
liminf,__d(x,F(7))=0 ,
d(x,, F(T)) = inf |x,-y].

yeF(7)

only if where

Proof: We will only prove the sufficiency; the necessity
is obvious. From Lemma2.2 (1), we have

d(X,.., F(7))<(1+6,)d(x,, F(T))+¢,.
VYV peF(T), n>1.
By Lemma 2.1 and liminf, __d(X,,F(7))=0,
F(7))=0. Next, we

prove that {X } is a Cauchy sequence. From Lemma 2.2

we get that lim,__d(X,,

(2), we have

[Xoem = PI< M %, = P+ M, 28
j=n
vVnmeN, peF(7)

Hence, for all integer M>1 and all pe F(7) ,

X =1 < [%.m = Pl + %, = P

= 31
<M +D[x, = pf+M, 2 &
j=n
Taking infimum over P€ F(7) in (3.1) gives
[Xoem =Xl < (M +1)d (X, F(T))
(3.2)

+M]Z§j.
j=n
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Now, since

lim, . d(x,F(7))=0 and
E‘}Lfi <+4oo | given £>0, there exists an integer
N, >0 such that for all N> N, , d(x,, F(7))<
£ -~ E
2M, +2) ,25 2(M, +2)
integers N> N1 , M2>1, we obtain from (3.2) that

So for all

||Xn+m_xn||sg, n> Nl,m21 .

Hence, {X } is a Cauchy sequence in E. Since E is
complete, there exists (€ E such that lim_ _ _ X,
=q .We ge F(7) .
d(x,, F(7)) — 0 and X, =, as N — oo, for each

now show that Since

€ > 0, there exists a natural number N such that for all
€ €
n>N, d(x, F(T))<E and ||x, - <. In

particular, we have d(Xy, F(7))=inf ; ,, ||XN — p”
€

<— , ie, pe F(7) , such that

there exists
”XN - p|| <E,hence
2

la— P <[x —af+[x, - p <e .

Since F(7) is a closed subset of E , we obtain

ge F(7). This completes the proof.
Using Theorem 3.1, we obtain the following theorem:

Theorem 3.2 Let C be a nonempty closed convex subset
of a real Banach E , Tn and 7 two families of

mappings of C into itself and [1_ F(T,) a closed
subset of E . Suppose that T satisfies condition (II)
with 7 . Let {4 } be a sequence of real numbers with
0<A <1 for all ne N, and f: C—>C a
contraction with 0 <& <1 . Suppose that X € C ,
X~ A <eo. Then the sequence {X } defined by (1.7)
converges strongly to pe (1 F(T ) if and only if

liminf, . d(x,,(]_ F(T,)=0.

IV. STRONG CONVERGENCE THEOREMS FOR GENERALIZED
ASYMPTOTICALLY QUASI-NONEXPANSIVE MAPPING

Theorem 4.1 If all the condition of lemma 2.3 are
conformed. Let (1, F(S,) be a closed subset of E .

Let {4} be a sequence of real numbers with
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0<A, <1 for all Ne N, X7 A <oo . Let f:
C — C be a contraction with 0 < & <1. Starting from
arbitrary X, € C, define the sequence {X } defined by

(1.6), then the sequence {X,} converges strongly to
pe NF(S) if and only if liminf,

dx,. )}, F(§)=0.

Proof: By Lemma 2.3, W, satisfies condition (I) with
{S}ik:l , we obtain from Theorem 3.1 that {X }

converges strongly to P& ﬂli(:l F(S). This completes

the proof.

Using Theorem 4.1, we also obtain the following
theorem which was proved by Khan, Domlo, and Fukhar-
ud-din [2].

Theorem 4.2 Let C be a nonempty closed convex subset
of a real Banach E. Let § (i=12,...,K) be k

asymptotically quasi-nonexpansive self-mappings of C
with U, [0, c0) such that X U <+oo for all
ie N . 1<i<k . Suppose N ,F(S)#¢ and
{a,,} < [0,1] (i=1,2,...,K) forall N€ N . For any
given X € C , define the sequence {X,} by the
recursion (1.3). Then {X } converges strongly to
pe NF(S) if and only if liminf,

dx,, )}, F(§)=0.

Proof: Easy to show that [\, F(S) is closed. In (1.6),
taking , A4, =0 and h, =0 (i=12,...,K) for all

ne N , (1.6) is reduced to (1.3). Therefore the
conclusion of Theorem 4.2 can be obtained from
Theorem 4.1 immediately.

Theorem 4.3 Let C be a nonempty closed convex subset
of a real Banach E . Let S be a asymptotically
nonexpansive self-mappings of C with U, [0, o),

S"x— S”y” <(1+uy)|x=y] foral X, yeC,

where X U <4oo , suppose F(S)#¢@. Let {4}

ie., ‘

be a sequence of real numbers with 0 < A, <1 such that

¥ A <o for all NN, and f: C—>C a

contraction with O <@ <1 . Starting from arbitrary
X € C, define the sequence {X } defined by (1.5).

Then the sequence {Xn} converges strongly to P€
F(S) ifand only if liminf, . d(X,, F(S))=0.
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Proof: In (1.6), taking §=S,=---=S_,=1,

% =1, l_a(k—l)n:ﬂn’ S<:SK—1=S > hn=0
(i=12,...,k) for all ne N, (1.6) is reduced to

(1.5). Therefore the conclusion of Theorem 4.3 can be
obtained from Theorem 4.1 immediately.

Let G={0:[0, ) —>[0,):g(0)=0, g:
continuous; strictly increasing; convex}. We have the
following lemma for a uniformly convex Banach space.

Lemma 4.1 (see [6]) E is a uniformly convex Banach
space if and only if for every bounded subset B of E,
there exists § € G such that

[ax+ =y < A+ a- Dy
— A= Dg(x-y)
Forall X,y€ B and A€ [0,1].

Lemma 4.2 Let E be a real uniformly convex Banach
space and C a nonempty bounded closed convex subset

of E. Let §:C—>C (i=12,...,k) be k

uniformly L-Lipschitzian, generalized asymptotically
quasi-nonexpansive mappings with

{u,},{h,} <[0,o0) such that X~ U <-+eo and
X h, <+4oofor all ie N, I<i<k. Let {&,}
(i,ne N , 1<i<Kk) be a sequence of real numbers
with 0<a<eg, <1, O0<b<g,<c<l (1<i
<k-1) for all Nne N and W, be a modified W-
mapping generated by {S} and {& },. Suppose

Ii(le(S);t¢),then ﬂik=1F(S1) =1 FW,).

:(=1 F(S) c ﬂ:zl F(\Nn) is obvious. Let
pe ﬂ::] F(W,), we obtain from (1.2) that W, p=
(I-a,)p+ Ofan?U(k_l)n p. Since 0<a<e,, <1

Proof:

for all Nne N, therefore p=§U P . Let 2€
kK F(S,). we have

4]

lp-2 <{p- 50| +|§Y P~ A

=[P~ S|P~ SV P
SU o=+ |SU, P-4
<M,|p-SU, 0|
+ {(1 +U )V P z” + hn}2

+2‘
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=+ um)ZHU(i,l)n P- ZH2
+2(1+u)h, Uiy, P Z”
+ Mz” P—SVU i p‘+ h,
<(+u,)|1-e y)(p-2)
2
+ a(i_l)n{sn_lu(i—z)n P- Z}ﬂ
+M;h, + Msz— SUnP

(4.1)

2
+h.’,
where,

M, = i‘:ﬁ‘{u P- S1nU(i—1)n p

[+2

SnU(i—l)n pP- Zﬂ}
U(i—l)n P—= Z”} :

By Lemma 4.1 and (4.1), we get

M; =sup{2(1+uj,)
neN

-2 <a+u,{1- e P-4
S UianP -7
~ (1= &% 0% iy
xg(|SU P P}
+M,|p=SU, ), 0|+ M;h, +h,’
<4y I-a ) p-7
UianP— Zﬂ
T TS BTGV BT By
x 0 n9(|S U0 P - P
+ MZH P—S'Ui p‘ +M,h, +h >
By (2.2) and (4.2), we have
lp-2 <a+u)’-a)p-7
(1 U2y 11+ Ugy)

X[(1+ 5(i—2)n|| P- Z” + Viconl + h(m)n}2
—(I+ uin)2(1 = Qi 1)

+ &),

+ a(i—l)n[(l + u(i—l)n)

(4.2)

) (4.3)
Xa(i—l)ng(‘ U2 P— p”)
+ Mzup_ SnU(H)np + M3hn + hnz-
ifi=k , there is lim|p—S'U,,,p|= limu, =
,I]me §(i72)n - ,lg{}, Yi-on = rlgl}ohn = rlgg Ui-yn = 0,

0<b <, <c<l, taking limit in (4.3), we have

©2012 ACADEMY PUBLISHER
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lim g(‘ SCUanP - pH) =0,

hence, limn_mHS‘?flU(kfz)np— pHZO. By the same

token, we have
. n
musmu(m_l)n p-p|=0, m=2,.. k.

Since each S is uniformly L-Lipschitzian, we conclude
that

lp-sip

|+

<[ p—SpU P
<[[p=SU 1P
=[P~ SV i P
P— S YmanP

Srrtlu(m—l)n p- Sr: P
| + I-"U(m—])n p- p”

+ L0((m_,)n

9

hence, we get 1imn%Hp—S,;p‘=0 for all

m=2,....k .

Repeat the above process, we get

lim,, .| p—S"p|=0. Since
|p-S.p|<[S.p—Sp"p|+[Sn - D]
<Lp-Sp|+[Si"p- b
—0, N-—oo

So, we obtain ||p—Smp||:0 for m=1,2,...,K, ie.,
p=S,p . NYFES) =MN_FW,) . This

completes the proof.

Theorem 4.4 Let E be a real uniformly convex Banach
space, C a nonempty bounded closed convex subset of

EandS:C—->C (i=1,2,...,K) be k uniformly L-

Lipschitzian,  generalized  asymptotically  quasi-

nonexpansive mappings with {U,}, {h } [0, e)
such that X U <4eco and X N <-eo for all
ie N 1<i<K. Suppose N F(S)#¢ is closed.
Let {a;,} (i,ne N , 1<i<K) be a sequence of real
numbers with 0 <a<e,, <1, 0<b<eg, <c<l
(1<i <k-1) for all ne N and W, be a modified
W-mapping generated by {S}:(:l and {ain}ikzl A4} a
sequence of real numbers with 0< A <1 for all
ne N, £ A <4 and f: C— C a contraction
with 0 < <1. For any given X € C, the sequence
{X,} defined by the recursion (1.6). Then {X }
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converges strongly to pe (1 F(W,) if and only if
liminf, . d(x,.[(),F(S)=0.

Proof: By Lemma 4.2, there exists {S}, such that

“ F(S) =N=,FMW,) . using Theorem 4.1, we
obtain Theorem 4.4.
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