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Abstract— Flexible manipulator systems exhibit many 
advantages over their traditional (rigid) counterparts. 
However, they have not been favored in production industries 
due to its obvious disadvantages in controlling the 
manipulator. This paper presents theoretical investigation 
into the dynamic modeling and characterization of a 
constrained two-link flexible manipulator, by using finite 
element method. The final derived model of the system is 
simulated to investigate the behavior of the system. A Genetic 
Algorithm (GA) based fuzzy logic control strategy is also 
developed to reduce the end-point vibration of a flexible 
manipulator without sacrificing its speed of response. An 
uncoupled fuzzy logic controller approach is employed with 
individual controllers at the shoulder and the elbow link 
utilizing hub-angle error and hub-velocity feedback. GA has 
been used to extract and optimize the rule base of the fuzzy 
logic controller. The fitness function of GA optimization 
process is formed by taking weighted sum of multiple 
objectives to trade off between system overshoot and rise 
time. Moreover, scaling factors of the fuzzy controller are 
tuned with GA to improve the performance of the controller. 
A significant amount of vibration reduction has been 
achieved with satisfactory level of overshoot, rise time and 
settling time and steady state error. 
 
Index Terms— Dynamic Modeling, Flexible Manipulator, 
Fuzzy Logic Control, Genetic Algorithms 

I.  INTRODUCTION 

Many of today’s robots are required to perform tasks, 
which demand high level of accuracy in end-point 
positioning. The links of the robot connecting the joints are 
large, rigid and heavy. Since the links are heavy, much of 
the joint motor’s power is expended moving the link and 
holding them against gravity. Also payloads must be kept 
quite small compared to the mass of the robot itself, since 
large payloads will cause sagging and vibrations in the 
links, which will create uncertainty in the end-point 
position. This results in a situation where these rigid robots 
are very inefficient and slow [1]. 
An attempt to solve these problems led to the development 
of flexible robots. Flexible robot manipulators require less 
material, are lighter in weight, consume less power, require 

smaller actuators, are more maneuverable and 
transportable, have less overall cost and higher payload to 
robot weight ratio. Weight reduction, however, incurs a 
penalty in that the manipulator becomes more flexible and 
more difficult to control accurately, since the manipulator 
is a distributed system, a large number of flexible modes 
are required to model its behavior. Further complications 
arise due to highly nonlinear nature of the system. Due to 
lack of sensing vibration, system flexibility and 
incapability of precise positioning, an accurate model is 
very difficult to obtain. Therefore, flexible manipulators 
have not been favored in production industries, as the 
manipulator is required to have reasonable end-point 
accuracy in response to input commands. In this respect, a 
control mechanism that accounts for both rigid body and 
flexural motions of the system is required. If the 
advantages associated with lightness are not to be 
sacrificed, accurate models and efficient controllers have to 
be developed. 

 
II. LITERATURE REVIEW & OBJECTIVES 

 
A. Literature Review  

The increased utilization of flexible structure systems, such 
as flexible manipulators in various applications has been 
motivated by the requirements of industrial automation in 
recent years. A good literature review on different control 
strategies for flexible manipulator can be found in 
reference [2]. Feedback control techniques include, but are 
not limited to, linear quadratic regulator (LQR) [1], hybrid 
collocated and non-collocated control methods [3], 
adaptive inverse and neuro-inverse active control [4] and 
many others. An open-loop control strategy was presented 
for vibration suppression of a flexible manipulator system 
where low-pass and band-stop filters were designed on the 
basis of the identified vibration modes [5].. Romano and 
co-workers designed a command shaper for a manipulator 
system with two rotational degrees of freedom and two 
links [6,10,11]. A hybrid control scheme was designed 
where a proportional-derivative (PD) controller was 
incorporated with an iterative learning control and an input 
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command shaper to control rigid-body motion and 
vibration of the system simultaneously [7].  

B. Objectives 

 In this paper, a dynamic model of a two-link flexible 
manipulator has been derived by using Finite Element 
method [8]. In order to validate the method, the model has 
been implemented and simulated within Matlab and 
Simulink environment.  
To reduce the end-point vibration of a flexible manipulator 
without sacrificing its speed of response, a Genetic 
Algorithm (GA) based fuzzy logic control strategy has also 
been presented. An uncoupled fuzzy logic controller 
approach is developed with individual controllers at the 
shoulder and the elbow link of the manipulator; utilizing 
hub-angle error and hub-velocity feedback for the input 
tracking system. GA has been used to extract the rule base 
of the fuzzy logic controller by optimizing two conflicting 
objectives: end-point vibration and speed of response 
simultaneously. Moreover scaling factors of the fuzzy 
controller are tuned with GA to improve the performance 
of the controller.  
 

III. DYNAMIC MODELING OF THE TWO-LINK 

FLEXIBLE MANIPULATOR 

A. Model Description  
 
For the mathematical modeling of a two-link flexible 
manipulator, a finite element method and Lagrangian 
approach is utilized [8]. Initially a mathematical model is 
derived for a single-link manipulator and then it has been 
extended for multi-link. The link is treated as an 
assemblage of a finite number of elements for each of 
which kinetic and potential energies are derived. These 
elemental kinetic and potential energies are then suitably 
combined to derive the dynamic model for the system. 
The overall approach is shown in the flow diagram 
presented in Fig. 1-a, involves treating each link of the 
manipulator (say link i) as an assemblage of in  elements 
of length il . For each of these elements (say ij where 
subscript ij refers to the jth element of link i) the kinetic 
energy (or, in fact, kinetic co-energy) ijT  and potential 
energy ijV  are computed in terms of a suitably selected 
system of n generalized variables ),.....,( 21 nqqqq =  and 
their rate of change is q .  
A description of the flexible manipulator system 
considered in this paper is presented in Fig. 1-b, where XY 
axis and X1Y1, X2Y2 axes represent the stationary and 
moving coordinates respectively. Both axes lie in a 
horizontal plane and all rotation occurs about a vertical 
axis. )(1 tτ -represents the applied torque at the hub, by a 
drive motor. 111 ,, ρIE and 1A represent the Young 
modulus, second moment of inertia, mass density per unit 
volume and cross sectional area of the manipulator (link 1) 
respectively. 
 

 
Figure 1-a: Flow chart for Finite Element Method of 

Modeling[8]. 
 

 
Figure 1-b: A two-link flexible manipulator system 
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In this work, the gravity effects are neglected as the 
manipulator movement is confined to the XY plane. In 
other words, the robot moves in horizontal plane only. 
Moreover, the beam is considered to have constant cross 
section and uniform material properties throughout.  
 
B. Total displacement, kinetic energy and potential energy 
of link 1 
 
For a small angular displacement )(tθ and a small elastic 
deflection ),( 11 txw , total displacement ),( 11 txy of a point 
along the manipulator at a distance 1x   from the hub can 
be described as a function of both the rigid body motion 

)(tθ and elastic deflection ),( 11 txw measured from the line 
OX1 as 

),()(),( 11111 txwtxtxy += θ …………………    (1) 

And velocity ),( 11 txv  of any point can be obtained as 
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Using the standard finite element method to solve dynamic 
problems, leads to the well-known equation [8]: 

)()(),( 111 tQxNtxw aa= ……………………… (3) 
 

where )(xNa  and )(tQa represent the shape function and 
nodal displacement of link respectively.  
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and potential energy of the element can be obtained as: 
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C. Dynamic equation of link 1 and link 2 
 
The Lagrangian of link 1 can be derived as followed: 

111111111 2
1

2
1 QKQQMQVTL TT −=−= ……… (6) 

The Lagrangian of link 2 can be derived as followed: 

222222222 2
1

2
1 QKQQMQVTL TT −=−= ……...(7) 

Where 11,VT  and 22 ,VT  are the total kinetic energy and 
total potential energy of link 1 and 2 respectively. A 
further detail on dynamic modeling can be found in [8]. 
Now the overall Lagrangian for both links can be given as: 

21 LLL +=  

By using Lagrange equation, the dynamic equations of a 

two-link flexible manipulator can be derived utilizing the 

equation as followed: 

)()()()( tFtQKtQDtQM =++ ……….. (8) 
Where M, D and K are global mass, damping and stiffness 
matrix of the two-link manipulator  respectively. The 
damping matrix is obtained by assuming that the 
manipulator exhibits the characteristic of Rayleigh 
damping. )(tF  is the vector of applied forces and torque. 

)(tQ  is a nodal displacement vector given as: 
[ ]nnnn uuutQ θθαθθ ...)( 0011=  

The M , D   and K matrices in (8) are of size mm ×  and 

)(2 tF is of size 1×m , where 122 21 ++= nnm . For the 
manipulator, considered as a pinned-free arm with the 
applied torque s at the hub, the flexural and angular 
deflections, velocity and acceleration are all zero at the hub 
at 1τ and the external force is )(2 tF = [ 1τ  2τ 0  0 … ]T0 . 
Moreover, in this work, it is assumed that 0=D & 

0)0( =Q . 
 
D. The overall model 
The matrix differential equation in equation (9) can be 
represented in a state-space form as  

vCy
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~
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m0  is an mm× null matrix, mI  is an mm×  identity 
matrix, 10 ×m is an 1×m  null vector, 

=u~ [ 1τ  2τ 0  0 … ]T0  

[θ=v~ 1u  1θ α  …. nu  nθ  θ  1u  1θ α …. nu ]Tnθ  
 
 

IV. SIMULATION OF THE TWO-LINK FLEXIBLE 
MANIPULATOR 

 
The model was implemented within Matlab and Simulink 
environment. State space matrices derived from the 
modeling done above has been utilized in this work to 
perform as the link (i.e the shoulder and the elbow link) 
with desired constraints in Simulink. In this work, a bang-
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bang signal of amplitude 0.3 N-m, was used as an input 
torque to the hub of link 1 is 1τ . For link 2, a bang-bang 
signal of amplitude, 2τ = 0.2 N-m was used as an input 
torque. A bang-bang torque has a positive (acceleration) 
and negative (deceleration) period allowing the 
manipulator to, initially, accelerate and then decelerate and 
eventually stop at a target location. System responses were 
monitored for duration of 3 sec with sampling time of 4 
millisecond. 

A. Initial Values 
Different parameters of link 1 and link 2 as used in this 
work are listed in Table 1. In simulation, each of the 
manipulator links contains only one element. Model for 
both the links are derived and used as state space matrix 
form in the Simulink model as shown in Fig.3. In this 
work, link 2 is assumed to be longer than link 1 and the 
other parameters are the same.  

TABLE 1. 
INITIAL VALUES FOR LINK 1 AND LINK-2 [8] 

Parameters for link-1 Value Parameters for link-2 Values 
 

No of element, 1n  1 No of element, 2n  1 

Length, 1L  0.9 m Length, 2L  1.1 m 

Mass density per unit volume, 1ρ  2710 kg/ 3m  Mass density per unit volume, 2ρ  2710 kg/ 3m  

Cross sectional area, 1A  6.0833x 2510 m−  Cross sectional area, 2A  6.0833x 2510 m−  

Young’s modulus, 1E  7.11x 1010  N/ 2m  Young’s modulus, 2E  7.11x 1010  N/ 2m  

Second moment of inertia, 1I  5.2530x 41110 m−  Second moment of inertia, 2I  5.2530x 41110 m−  

B. Analysis of the open loop response 
 
System responses at the hub and end-point of link 1 and 
link 2 of the flexible manipulator were obtained as shown 
in Fig. 2. At steady state level, the hub angle of link 1, θ  is 
0.65 rad. whereas the hub angle of link 2, α  is 0.24 rad .It 
is observed that vibration occurs at both links during the 
movement of the flexible manipulator and the level of 
vibration is quite high. Fig. 2 also shows the end point 
responses of link 1 and link 2. A slight undershoot occurs 
at the beginning that may be attributed to non-minimum 
phase characteristics of the system.  
 

 
 

Figure 2. Hub angle and end point residual responses at 
link 1 and link 2 

 
V. FUZZY LOGIC CONTROL FOR FLEXIBLE 

MANIPULATOR SYSTEM 
 

A. Uncoupled Fuzzy Controller Approach 
 
A proportional-derivative (PD) type fuzzy logic controller 
(FLC) utilizing hub-angle error and hub-velocity feedback 
is developed to control the rigid-body motion of the 
system. The potential of GA is explored in this work in 
designing a FLC whereby a flexible robotic arm is moved 
from one position to another in the least amount of time 
with minimum vibration. Both the links of the manipulator 
are treated individually for easy and manageable control 
purpose. The input to the FLC is first fuzzified and then 
processed by the fuzzy inference engine using heuristic 
decision rules. 
FLC uses rules in the form of “IF [condition] THEN 
[action]” to linguistically describe the input/output 
relationship. The membership functions convert linguistic 
terms into precise numeric values.  

 
 

Figure 3-a. Block diagram of uncoupled fuzzy control for 
two-link manipulator system 
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Figure 3-b. Simulink model for the uncoupled fuzzy control of the two-link manipulator implemented in MATLAB 

 
The output of the fuzzy controller is obtained by a 
defuzzification process that converts the fuzzy quantities 
representing the control signal into a signal that can be 
used as the control input to the manipulator. Triangular 
membership functions are chosen for inputs (hub angle 
error, hub velocity and torque input) and output. 
The fuzzy logic control system is shown in Fig. 3-a, where 
θ  and θ are the hub angle and hub velocity of the shoulder 
link. Scaling factors 1k and 2k  are used to normalize the 
universe of discourse of two inputs to the FLC whereas 
scaling factor 3k is used to de-normalize the output. For 
elbow link, 4k , 5k and 6k  are scaling factors for inputs and 
output. 
Fig. 3-b shows the Simulink model for the uncoupled 
fuzzy control of the two-link manipulator as described 
above, implemented in MATLAB. Both the FLCs were 
designed with 25 rules (shown in Table 2-a). 
 Based on prior knowledge about the system and all scaling 
factors for both shoulder and elbow links are chosen 
heuristically to achieve a satisfactory level of performance 
in time domain. 
 
 
 

TABLE 2-a . 
 FLC RULE BASE WITH HUB ANGLE ERROR AND VELOCITY[1] 

 

HUB ANGLE ERROR 

                    HUB VELOCITY 

NB NS ZO PS PB 

 NB PB PB PB PS  ZO 

NS PB PS ZO ZO NS 

ZO PS ZO ZO ZO NS 

PS PS ZO ZO NS NB 

PB ZO  NS  NB NB NB 

 

 
To construct the rule base, the hub angle error, hub 
velocity and torque input are partitioned into five primary 
fuzzy sets as [1]:  

Hub angle error E = {NB, NS, ZO, PS, PB}  
Hub Velocity V = {NB, NS, ZO, PS, PB}  
Torque U ={NB, NS, ZO, PS, PB}  

Where E, V and U are the universes of discourse for hub 
angle error, hub velocity and torque input respectively.  

 
The ith rule of the rule base for the FLC, with error and 
change of error as inputs, is as: Rn: IF (e is Ei ) AND (v is 
Vj) THEN (u is Uk) ; where Rn, n = {1,2, …. Nmax}

  
is the 

nth fuzzy rule, Ei, Vj , and Uk, for i, j, k = {1,2,…,5} are the 
primary fuzzy sets.  
Here designing steps of the fuzzy logic controller are 
shown for the shoulder link (link 1), Similar processes are 
performed for the elbow link (link 2).   
 
B. GA based fuzzy logic controller  

 
GA is used to extract and optimize the rule-base of a PD-
like FLC. The linguistic variables can be represented by 
integer values, as 1 for NB, 2 for NS, 3 for ZO, 4 for PS 
and 5 for PB.  
Applying this code to the fuzzy rule-base, an encoded rule-
base is constructed. Binary GA with fixed length 
chromosome is used in the automated rule generation 
process for two inputs and one output PD-like FLC. 
Triangular membership functions of five linguistic 
variables are used for both inputs and output which can be 
represented by integer numbers from 1 to 5.  
Three bits Gray codes are used to represent each linguistic 
variable. For each rule, 4 binary strings each of 3 bits are 
used where the first three strings represent the linguistic 
variables of 1st input, 2nd input and output respectively 
whereas the 4th string represents the weight value of that 
particular rule. 
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TABLE 2-b. 
CHROMOSOME VERSUS LINGUISTIC RULE [1] 

 

 
 

 
Figure 4. Encoding Scheme of fuzzy rule base 

 
The range of the first three strings in decimal value are 
defined as [0, 5] whereas it is [0, 1] for the 4th string 
(shown in Fig. 4). Binary strings are converted into real 
numbers so that the real numbers remain within the range 
as defined.  
Then the real numbers are rounded to convert into integer 
numbers. Thus, the first three strings can take any integer 
value within [1, 5] whereas the 4th string can take either 1 
or 0 when it is converted into integer. The weight value 1 
indicates that the rule is effective whereas 0 indicates that 
it is not effective in the whole rule-base. So the designer 
can ignore those rules having weight values of 0 (Table 2-
b). In the GA optimization process, 50 individuals or 
potential solutions are assessed with subsequent operators 
such as, selection, crossover and mutation. Each individual 
can represent 25 rules where each rule requires 4 strings 
each of 3 binary bits.  
Randomly generated binary bits of 50×25×4×3 constitute 
the initial chromosome. Although each row of the 
chromosome can represent 25 rules, the number of 
effective rules depends on the weight values. So each 
individual can effectively represent a rule base consisting 
of different number of rules. Considering the impact of 
weight value, this method can be considered as a 
simultaneous process of generating and optimizing the rule 
base of an FLC process.  
 
C. Fitness Function 
 
The objective or fitness function of GA optimization 
process is formed in such a way as to reduce both the 
tracking error and system overshoot.  

 
 

TABLE 3. 
RULES OF THE OPTIMIZED FLC AT LINK-1 AND LINK-2 

HUB ANGLE 

ERROR(LINK-1) 

                    HUB VELOCITY 

NB NS ZO PS PB 

 NB - PB - PS  - 

NS PB PS - - NS  

ZO - ZO - ZO - 

PS - - ZO NS NB 

PB ZO - - NB NB 

 

HUB ANGLE 

ERROR(LINK-2) 

                    HUB VELOCITY 

NB NS ZO PS PB 

 NB - PB - PS  - 

NS PB PS - - NS  

ZO - - - ZO - 

PS PS - ZO NS - 

PB ZO NS - NB  

 
 
The objective function is formed taking weighted sum of 
these two where the weight vector is chosen as   [ 1w   2w ] 
= [ 0.5  0.5 ], to give equal emphasis on both. 
Here, The Objective Function )()( 2211 xfwxfw +=  
Where )(1 xf  represents normalized absolute sum of 
tracking error and, )(2 xf  is normalized system overshoot. 
Elitism technique is used throughout the optimization 
process which allows preserving the best solution of each 
generation and propagates to the next generation which 
ensures convergence to the best solution at the end of the 
last generation. The optimization process was run for a 
maximum generation of 80. 
Repeated rules do not affect the system performance rather 
system’s performance remains the same if those repeated 
ones are ignored. So, ignoring the repeated ones and the 
rules having 0’s in weight values i.e. not used or merely 
used during operation, the optimization process yields an 
FLC with 13 rules in the rule-base which is quite small and 
effective for controlling the manipulator. Rule Viewer tool 
available in simulink can be used to observe the rules that 
have satisfied the objective function.  
The FLC, with 13 rules for link-1 and 12 rules for link-2 
(shown in Table 3) in the rule-base and heuristically 
selected scaling factors, is termed as Case-2.  
 
D. Performance measures of link-1 
 
All the FLCs were tested for input tracking of flexible 
manipulator to follow a repetitive finite pulse with 
maximum amplitude of 36 degrees (0.1 rad).   
Table 4 shows the performance measures of different FLCs 
in the time domain. Heuristically designed FLC with 25 
rules (Case-1) produced an overshoot of 9.11% whereas it 
was 13.45% for the optimized rule-base FLC (Case-2) 
which may prove not suitable for practical applications.

 ERROR 
(e)  

VELOCITY 
(v)  

OUTPUT 
(u)  

WEIGHT 

CHROMOSOME 2 4 2 1 

LINGUISTIC 
RULE  

IF (e is NS) OR (v is PS) THEN (u is 
NS)  

EFFECTIVE 

CHROMOSOME 5 1 3 0 

LINGUISTIC 
RULE 

IF (e is PB) OR (v is NB) THEN (u 
is ZO)  

NOT 
EFFECTIVE 
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TABLE 4. 

TIME DOMAIN PERFORMANCE MEASUREMENTS WITH DIFFERENT CONTROL STRATEGIES (HUB ANGLE RESPONSE) 
 

LINK 1 LINK 2 

Control 
Strategy  

Over 

shoot (%) 

Rise 
time (s) 

Settling 
time(s) 

Steady state 
error 

Control 
Strategy  

Over 

shoot (%) 

Rise 
time(s) 

Settling 
time(s) 

Steady state 
error 

Case-1  9.11  0.62 1.2392  0  Case-1  8.22  0.56  1.4432 0  

Case-2  13.45  0.46  0.9866  0  Case-2  15.5  0.31 0.9466  0  

Case-3  0  0.5 0.5496  0  Case-3  0  0.37  0.5192  0  

Case-1: Fuzzy controller (25 rules)  
Case-2: FLC with GA optimized rule-base (13 rules for link 1& 12 rules for link 2)  
Case-3: FLC with GA optimized rule-base and scaling factors.  
 
 

 
Figure 5. Hub angle response at link 2 for case-1, case-2 and case-3 

 

For Case-3, FLC with optimized rule base and scaling 
factors could completely eliminate overshoot with a 
satisfactory level of rise time and settling time. It is 
evident from the above three cases that Case-3 has 
performed very well in input tracking of the flexible 
manipulator.  
 
E. Performance measures of link-2 
 
 For link 2, heuristically designed FLC with 25 rules 
(Case-1) produced an overshoot of 8.22% whereas it was 
15.5% for the optimized rule-base FLC (Case-2). For 
Case-3, FLC with optimized rule base and scaling factors 
could completely eliminate overshoot with a satisfactory 
level of rise time and settling time. The hub angle 
responses of all the FLC systems are shown in Fig. 5. 

 
VI. CONCLUSION 

 
In this paper, finite element method is used to derive a 
dynamic model of the two-link flexible manipulator. The 
model has also been implemented, simulated and 
validated. Then, a fuzzy logic control system is 

developed for input tracking and vibration reduction at 
end point of the manipulator system. GA with weighted 
sum approach has been used to extract and optimize the 
rule base of the FLC. The resulting reduced rule base may 
prove very significant in terms of computational 
complexity, memory requirements and processing time. It 
was noted that the FLC, thus obtained, yielded overshoot 
in system’s response that may not be suitable for precise 
positioning applications. To reduce or eliminate the 
overshoot, there were two options; tuning the 
membership function or tuning the scaling factors of the 
FLC. Although the optimized FLC with tuned scaling 
factors has performed well in input tracking with 
satisfactory level of overshoot, rise time, settling time and 
steady-state error but its performance at vibration 
reduction at the end point has not been satisfactory in 
relative terms. An alternative design approach, such as, 
tuning the membership function values, after the rules 
learning process may be explored. 
In controller design applications, this control strategy and 
design method may pose several limitations. The success 
of weighted sum approach utilized in this work depends 
on suitable selection of weight vector for different 
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objectives that require prior knowledge of the system 
which may not be available. System performance 
objectives, such as, reduced overshoot; rise time, settling 
time, and structural vibration are often found in conflict 
with one another due to the construction and mode of 
operation of flexible structure systems. Several design 
objectives and associated goals as demanded by a 
practical application cannot be guaranteed by the 
weighted sum approach. Moreover, normalization is 
required if different objectives have different units; a 
common occurrence in practical systems. In such cases, 
the potential of multi-objective optimization[9] 
techniques can be explored. Moreover, in this two link 
flexible manipulator case, a coupled fuzzy control 
strategy would have been more effective solution. Future 
work will focus on the development of coupled fuzzy 
control strategy for more realistic control of the 
manipulator and command shaping technique for 
vibration control. The development of a neuro-fuzzy 
approach to control systems will also be explored. 
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