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Abstract--Whether sparseness can be effectively controlled 
is one of the key elements to measure the merits of the 
sparse coding algorithm. One-norm is primarily used in 
the sparse coding algorithm to control its sparseness 
currently, as well as by sparse approximation to control the 
sparseness of sparse coding model, but all these methods 
have led to slow convergence and low efficiency ultimately. 
In order to enhance the effectiveness of sparse coding 
algorithms, this paper selects zero-norm to control 
sparseness of the sparse coding model, and calculate after 
continuously extended at the discontinuous point of the 
model. We propose a highly efficient zero-norm sparse 
coding algorithm. This paper not only theoretically proves 
feasibility and efficiency of the algorithms which is capable 
of effectively controlling model sparseness, but also verifies 
the theoretical correctness of inference through 
experiments. These prove the operational efficiency of the 
algorithm is more efficient and stronger than existing 
algorithms. 
 
Index Terms--sparse matrix, non-negative sparse coding, 
sparseness, zero-norm, one-norm 

I. INTRODUCTION 

Sparse coding theory comes from the studies of optic 
network, which can simulate the receptive fields of 
simple cells in the primary visual cortex V1 area, is a 
method on artificial neural network. 

Therefore, many scholars proposed some algorithm 
models on sparse code, and the method was successfully 
applied in pattern recognition, data compression, data 
denoising, etc. [1]. 

However, sparse coding model can be better used in 
some areas, but the building and solving of sparse 
coding model restrict the development of the sparse 
coding. After Lee and Seung proposed the non-negative 
matrix factorization [2], some scholars proposed a 
sparse coding algorithm based on one norm. But this 
model is difficult to control the sparseness of sparse 
matrix. Later, Hoyer proposed non-negative sparse 
coding algorithms (NMFs) [3-4], this algorithm has been 
widely concerned by people. Although the sparseness of 

the algorithm can be controlled effectively by optimal 
sparse approximation, the algorithm has slow 
convergence. 

This paper attempts use another sparse coding model 
to solve, the zero norm be used to build model. 
Although the model is discontinuous function, we can to 
solve the problem after continuous development in the 
discontinuity point.The experimental results show that 
our algorithm can greatly improve convergence rate on 
the basis of the sparseness of sparse matrix can be 
controlled effectively. 

II. SPARSE CODING MODEL 

The standard sparse coding was proposed by 
Olshausen and Field in 1996. Given a data matrix V of 
size M×N, find the sparse matrices W and H of sizes M 
×L and L×N ,where M×N>>(M+N)×L. The sparse model 
defined as:    

        )(),(min HgHWf λ+         (1) 
Where ),( HWf  is the reconstruction error 

function between V and WH, and the )(Hg is the sparse 
function of H. The commonly used model of sparse 
coding defined as: 
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 , this is the intuitive 
description of the sparseness of the coefficient matrix. 
But the standard sparse model is discontinuous function. 
Mathematical method is more difficult to solve directly. 
So scholars turn to solve another kind of model, the 
Zibulevsky[5] proposed a model can write as: 

 2-     min
ji,

,
2 ∑+ jiF

HWHV λ
       (3) 

The disadvantage of this model is that it will be equal 
to the original sparse coding model when the coefficient 
matrix is very sparse, and the model is not a continuous 
function, so model to solve difficultly remain unresolved. 
The model uses one norm to control the sparse degree of 
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the sparse matrix, but the sparse degree is difficulty to 
control, this model will Lead to the eventual trade-off 
can not be effectively minimize the reconstruction error 
and maximization of matrix sparseness. 

Hoyer proposed the NMFs[6-7]the model defined as: 
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Although the model can solve the sparse control 

problem by optimal sparse approximation, it makes slow 
convergence. 

III. ZERO-NORM SPARSE CODING (ZNSC) 

Standard sparse coding model has the characteristics 
of discontinuous functions, so the solution is difficulty. 
We used one norm to describe the sparseness of sparse 
matrix, which make model is defective in mathematics 
construction. So in this paper, we try to use zero norm 
instead of one norm controlling the sparse degree to 
implement sparse coding algorithm, in order to illustrate 
the use of zero norm to solve which can better control 
the sparseness of sparse matrix. 

We suppose matrix 
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, but because the sparseness of 

matrix A less than B, so it is contradict that the one 
norm of the smaller matrix should obtain great 
sparseness. However, when we use the zero norm, 
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situation of two sparse matrices. If 
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, it shows that the number of 
nonzero in the matrix A is greater than that of B. So the 
sparseness of matrix A is less than that of B. This is 
consistent with the model 

Since the original sparse coding model is 
discontinuous function, so it is difficulty to solve using 
the optimization algorithm directly. In this paper, we can 
to solve the problem after continuous development in 
the discontinuity point, then linear comparing to 
complete a sparse matrix solution. 

   In order to demonstrate this method, we first 
prove Lemma. 

Lemma: if 
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real number field R and )(xg has a minimum, then 
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Prove: Let )(xf  continuous development when 

x=0, then set cxgxf +=′ )()( . Because 
)(xg Differentiable and has a unique minimum In the 

real number field R, so )(xf ′ differentiable and has a 
unique minimum, the minimum is the solution of 

0)( =
′

dx
xfd

.
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 has a unique minimum, set x= 

x0.so dx
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dx
xfd )()( =
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,then )(xf ′  obtain the 

minimum in 0x  
When 0=x , the value of function )(xf  and 

)(xf ′  is different. So we can only compare the value 

of )0(f  and )( 0xf ′ , whichever is the minimum of 

function )(xf  of two minimum, we can be seen from 
Fig 1,the minimum corresponding point is the minima. 
If 00 ≠x , set

0000 )()(' xcxgxf += ,and 

)0()0( gf =  ,the conclusion can be obtained. If 

00 =x ， no matter )0()(
000 gxcxg <+  or 

)0()(
000 gxcxg ≥+  the minimum corresponding 

to the point is 0.this satisfy the conclusion of lemma. 
Proof is completed. 

 
Figure 1． Function f(x) 

We can be drawn from lemma that if we want to solve 
the most value of the discontinuous function which only 
has finite discontinuity point.First, we can do continuous 
development in the break point, and obtain the most 
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value of function. Then compare the most value with the 
value in the break point. 

At last, we can obtain the most value. 
Theorem },...,2,1{ Lk ∈∀ , set 
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According to (5) we can know 

that )(),...(),( 21 kNHkHkH HfHfHf  have no 
associated ， and fixed W 

and }{ .1121 ,...,,,...,, Lkk HHHHH +− ， then the 

objective function of ⋅kH can be simplified ： 
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Following，we prove the (5) can be solved by the 
lemma, The key is to proof the 
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Proof is completed. 
From the above theorem we can know that it is 

practical to solve sparse coding by zero norm, and the 
problem of control sparseness can be solved effectively. 

In this paper, we use stochastic gradient method to 
solve the matrix W.ZNSC can be summarized as: 

1.Random initialization matrix )0(W , )0(H , 0←s ; 
2.Repeat the following operation until you meet the 

conditions so far; 

3. )(])()([)()1( T sHVsHsWsWsW −−←+ μ ; 

4. 2
/ iii www ←

 
5. Lk →= 1  
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IV. ZNSC ALGORITHM ANALYSIS 

In order to illustrate the effectiveness of the algorithm, 
we compare that with the NMFs and NSC algorithm 
proposed by Hoyer. 

  Algorithm: NMF with sparseness constraints [7] 
1. Initialize W and H to random positive matrices 
2. If sparseness constraints on W apply, then project 

each column of W to be non-negative, have unchanged 
L2 norm, but L1 norm set to achieve desired sparseness 

3. If sparseness constraints on H apply, then project 
each row of H to be non-negative, have unit L2 norm, and 
L1 norm set to achieve desired sparseness 

4. Iterate 
(a) If sparseness constraints on W apply, 
i. Set W:=W−μW(WH−V)HT 
ii. Project each column of W to be non-negative, have 

unchanged L2 norm, but L1norm set to achieve desired 
sparseness 

Else take standard multiplicative step 
W:=W ⊗ (VHT ) ∅ (WHHT ) 

(b) If sparseness constraints on H apply, 
i. Set H: = H−μHWT (WH−V) 
ii. Project each row of H to be non-negative, have unit 

L2 norm, and L1 norm set to achieve desired sparseness; 
Else take standard multiplicative step H:= 

H ⊗ (WTV) ∅ (WTWH) 
Above, ⊗  and ∅  denote element wise 

multiplication and division, respectively. 
Algorithm: NSC [9] 
1.random initialization matrix 

0)0( ≥W , 0)0( ≥H , i∀ ， 2
/ iii WWW ••• =

，

0←s ; 
2. Repeat the following operation until you meet the 

conditions so far; 

3.
THVWHWW )( −−← μ  

4. }0,max{HH ←  

5. ][ TVHWW ⊗← ∅ ][ TWHH  
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7. 1+← ss  
The main difference between ZNSC algorithm and 

NMFs algorithm are to solve sparse matrix. For ZNSC 
algorithm, when solve the sparse matrix, each column of 

sparse matrix is ordered , and no cycle to determine, 
however the NMFs algorithm should need to go through 
the cycle many times and it is not linear, slow 
convergence rate. Thus, the convergence rate of ZNSC 
algorithm is superior to the NMFs or NSC algorithm. 

V. EXPERIMENT AND ANALYSIS 

The convergence speed can not be reflected 
accurately through comparing the size of each model 
function value, because of the difference between ZNSC 
and NMFs algorithm. so the two algorithm can be as the 
feature extraction algorithm in face recognition, then we 
can compare their recognition rate by classification 
algorithm(PSVM)[10], when the recognition rate 
reaches stability state, the solution of the sparse model 
can reach convergence state. Therefore we can judge the 
algorithm’s convergence speed through the time of the 
recognition rate reaches stability state. 

In this paper, we use the ZNSC algorithm, NSC 
algorithm and NMFs algorithm to do feature extraction 
on the ORL face database, the proximal support vector 
machine (PSVM)[11] is used as classifier. The first 
image of each of the forty kinds of face in ORL face 
database are chosen respectively to be trained as training 
samples and we can calculate the basis matrix, where L 
= 40, L is the column length of coefficient matrix H, and 
we select the iteration step μ=10-9 in the ZNSC 
algorithm and NSC algorithm, and λ =100 in the NSC 
algorithm, the unit of iteration time is second. 
■A. The Relationship between Regulatory Factors and 
Recognition Rate  

Because of using the zero norm, the value of λ  
should be determined by the actual situation, in this paper, 
we choose different λ , and observe the change of 
recognition rate with increasing the iterate time, this 
result is shown in Fig. 2. 

Fig.2 shows that the difference between the 

recognition rate is not large when the magnitude of λ  

is 103-104,however when the λ  equals 5×105,the 
recognition rate begin to decline. From (1), we can know 
that when the value of λ is bigger, the second item 
becomes major factor, which lead to increased 
reconstruction error between V and WH. So the value 

of λ  should not choose a bigger one. 
■B. The Relationship between Regulatory Factors and 
Sparseness 

The sparseness can be defined as: 

1
)( 0

0 −
−

=
n

xn
xsp

          (7) 
Where x may be a scalar, vector, matrix. If x is 

scalar , 0
x

 show whether x is zero or not. If x is vector 

or matrix, 0
x

 show the number of nonzero. 
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Figure 2. Recognition rate in different λ  with increasing the 
iterate time 

Next, observe the change of sparseness with 
increasing the iterate time. This result is shown in Fig.3 . 

The Fig. 3 shows that sparseness is increased with the 
increase of λ , when λ  is greater than 15000,the 
sparstiy is more than 0.5. This can meet the general 
sparse requirements. In addition, the function curve is a 
straight line basically, this illustrates iteration time has 
little influence on the sparseness. The sparseness can 
stabilize in the short period of time. 
■C. The  Efficiency  of  the Algorithm 

  The experimental conditions are that we set 
λ =15000 and other parameters are same as the above 
experiment. We will compare the recognition rate of 
three algorithms. The result is shown in Fig. 4. 

From Fig.4 we can see that three algorithm’s 
recognition isn't monotone rising with the increase of 
iterative time, because initial matrix is selected randomly 
when iteration is operated every time, at last which lead 
to the result of convergence is different. Overall, the 
recognition rate can reach up to 85% within tens of 
seconds, and recognition rate shows a steady trend with 
the increase of iterative time. This shows that ZNSC 
algorithm can achieve a stable recognition rate in a few 
seconds. But the recognition rate is not good by NMFs 
algorithm. we can see that the recognition rate only 
reaches 80 percent when the iterative time in 300 seconds, 
this shows that its convergence speed is relatively slow. 

Although the iteration time of NSC is shorter than that 
of NMFs, it is also more time-consuming than ZNSC 
algorithms. 

The above has stated that ZNSC algorithm is better 
than NMFs on the recognition rate, and ZNSC algorithm 
can reach the desired results in a short time. We can see 
from Fig.3 the ZNSC algorithm’s iteration reach the 
stable value at beginning, it shows that the algorithm of 
this paper reached the expected sparse degree at first, that 
is to say the algorithm in this paper indeed achieve the 
ideal convergence state in a shorter time. 

 

 
Figure 3. Sparseness of the sparse matrix in different λ  with 

increasing the iterate time 

 
Figure 4.  Recognition rate of the three algorithms with different 

iterate time 

VI.  CONCLUSION 

This paper can solve controlling problem of sparse 
degrees effectively by using zero norm measure the 
sparseness of sparseness matrix to solve the problem of 
sparse coding. Firstly this model just do one addition, 
subtraction, multiplication and division method in solving 
each column of sparse matrix, then get the results by 
doing a judgment for each value of column vector in 
parallel, but all the columns of the matrix is linear, no 
cycle computing. This shows that this algorithm is more 
effective in speed to solve sparse matrix comparing with 
NMFs algorithm, and ideal sparse matrix can be taken in 
a short period. 

Although the algorithm spends a short operation time 
but the adjustment factor λ  , iteration step length μ and 
the iterative initial matrix W(0) and H(0) in the model are 
of no unified standard for selecting, so these need to be 
further study. 
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