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Abstract—For the problem of estimation time-difference-of-
arrival (TDOA) for cyclostationary signals in the presence 
of interference and impulsive noise, a new robust multi-
cycle signal-selective algorithm is introduced. By fusing 
second-order cyclic moments and fractional lower-order 
statistics, a novel cyclic fractional lower-order statistics is 
developed. The proposed algorithm combines the benefits of 
cyclostationarity based method and fractional lower-order 
statistics based estimator, by exploiting cyclostationarity 
property of signals with cyclic fractional lower-order 
statistics. Simulation results indicate that the new method is 
highly tolerant to interference and impulsive noise and gives 
higher estimation accuracy than conventional TDOA 
estimation methods. 
 
Index Terms—cyclostationarity, impulsive noise, fractional 
lower-order statistics, time-difference-of-arrival (TDOA) 
 

I.  INTRODUCTION 

The problem of locating a Mobile Station (MS) has 
drawn considerable interest in recent years. A variety of 
wireless location schemes have been extensively 
investigated in [1], [2]. One typical method used to 
estimate the mobile location is time-difference-of-arrival 
(TDOA) which does not require knowledge of the 
transmit time of the received signal from the transmitter 
and has better accuracy than angle of arrival (AOA) [3], 
[4]. Although several techniques are used to reduce the 
effects of interference and noise in communication 
systems [3], it is necessary to develop effective TDOA 
algorithms. 

Most man-made signals encountered in radar, sonar, 
and communication systems are appropriately modeled as 
cyclostationary time series [5]. A class of signal-selective 
TDOA methods for passive location is introduced by 
Gardner et al. [6], [7]. These methods that exploit 
inherent cyclostationarity of signals are highly tolerant to 
both interference and Gaussian noise, which are neither 
cyclostationary signals, nor exhibiting the same cycle 
frequency of the source signal. Since almost man-made 

signals in communication systems have more than one 
cycle frequency [5], some modified multi-cycle 
algorithms which exploit more than one cycle frequency 
are developed in [8-10]. The multi-cycle methods can 
achieve better performance than single-cycle estimators 
which utilize only one cycle frequency [10]. 

The primary single-cycle and multi-cycle methods 
focus on the case where the environment noise is 
assumed to follow the Gaussian distribution model. 
However, many types of noises encountered in practice 
such as atmospheric noise, multiuser interference and 
some man-made noise in urban region are heavy tailed 
non-Gaussian impulsive processes [11], [12]. Studies and 
experimental measurements have shown that alpha-stable 
distribution is more suitable for modeling noise of 
impulsive nature than Gaussian distribution in 
communication, telemetry, radar, and sonar systems [13], 
[14]. The alpha-stable model is of a statistical-physical 
nature, arising under very general assumptions satisfies 
the stability and the Generalized Center Limit Theorem 
[16], [17]. It can be described conveniently by four 
parameters, in which the characteristic exponent 

(0 2)α α< ≤  determines the heaviness of its tail. A 
small positive value of α  indicates severe impulsiveness, 
while a value of α  close to 2 indicates a more Gaussian 
type behavior. When 2α = , the stable distribution 
reduced to the Gaussian distribution. So the alpha-stable 
model is more suitable for modeling noise than Gaussian 
distribution in real signal processing applications. Several 
TDOA methods take account the impulsive noise using 
fractional lower order statistics (FLOS) have been 
proposed in literature [15]. 

As stable distribution does not have finite second-order 
moments (except for 2α = ), conventional signal-
selective methods based on the second-order 
cyclostationarity will be considerably weakened in 
symmetric alpha-stable ( S Sα ) noise environments. 
Although the fractional lower-order statistics (FLOS) 
based methods are robust to both Gaussian and non-
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Gaussian noise [15], the interfering signals which occupy 
the same spectral band as the source signal can severely 
degrade the performance of these methods. To extend the 
signal-selective and FLOS based methods and achieve 
high accuracy of TDOA estimation, a robust TDOA 
algorithm which combines multi-cycle estimator with 
fractional lower-order statistics is proposed in this paper. 
The new method takes advantages of both multi-cycle 
estimator and FLOS method can exploit cyclostationarity 
in the presence of interference and S Sα  impulsive noise. 
Simulation results demonstrate that the proposed 
algorithm can acquire high accuracy of TDOA 
estimation. 

The rest of this paper is organized as follows: The 
modeling of the signal measurement is briefly described 
in Section Ⅱ. In Section Ⅲ, the cyclic fractional lower-
order moment and fractional lower-order multi-cycle 
TDOA algorithm are proposed. The performance of the 
new algorithm via Monte Carlo simulations is presented 
in Section Ⅳ. Finally, conclusions are given in Section 
Ⅴ. 

II. SIGNAL MODEL 

In general, for a signal radiating from a remote source 
through a channel with interference and noise, the model 
for time difference of arrival estimation between received 
signals at two base stations is given by 

 ( ) ( ) ( )x t s t n t= +  (1) 
 ( ) ( ) ( )y t rs t D m t= − +  (2) 

where ( )s t  is the signal of interest (SOI), ( )n t  and ( )m t  
are the signals not of interest (SNOI), including 
interference and noise, D  is the TDOA to be estimated, 
and parameter r  represents the magnitude mismatch 
between two receivers. To simplify the problem, it is 
assumed that ( )s t  is statistically independent of SNOI, 

( )n t  and ( )m t do not share the same cycle frequency as 
that of the SOI. However, since ( )n t  and ( )m t  may 
contain the same interfering signals (with different times 
of arrival), they can be statistically dependent [6]. 

III.  THE PROPOSED FRACTIONAL LOWER ORDER 
MULTI-CYCLE TDOA ESTIMATION METHOD 

Some single-cycle signal-selective TDOA estimation 
algorithms based on the second-order cyclostationarity 
are proposed in [6]. Since the cycle frequency for most 
communication signals are not unique, the single-cycle 
estimators cannot achieve the best performance. It was 
introduced in [8] and [10] that multiple single-cycle 
estimators can be fused together to form a multi-cycle 
estimator, 

 *( ) ( )( ( ))i i

i
i yx x

A

g w R u R u duε εε

ε
τ τ

∈

+∑ ∫  (3) 

where iε  is one element in the cycle frequency set A  of 
( )s t , iw  is the weight and 1iw = . According to the 

definition in [6], the cyclic autocorrelation function of 
( )s t  at cycle frequency ε  is defined as 

 2( ) ( / 2) ( / 2) j t
sR s t s t eε πετ τ τ∗ −+ −  (4) 

where 
/ 2

/2
lim(1/ ) ( )

T

TT
T dt

−→∞
⋅ = ⋅∫  is the time-averaging 

operation, and “ ∗ ” denotes the conjugation. 
The multi-cycle estimator (3) makes better use of the 

cyclostationarity features and acquires more accurate 
estimates of TDOA. However, Due to the thick tails, 
stable distributions do not have finite second-order 
moments, except for the limiting case 2α = . If the 
received noises contain stable processes, the second-order 
cyclic moments such as cyclic autocorrelation function in 
(4) will not be applicable. Thus, the conventional multi-
cycle estimator (3) based on the cyclic correlations will 
degrade severally in impulsive noise environments. 

In order to outperform the drawbacks of the 
conventional multi-cycle algorithm, we define a new 
cyclic fractional lower-order statistics and propose a new 
signal-selective estimator by utilizing cyclic fractional 
lower-order statistics instead of second-order 
cyclostationarity. Considering the random process ( )s t , 
the cyclic fractional lower-order autocorrelation function 
at cycle frequency ε  is defined as 

/2, * 2

/ 2

* 2

1( ) lim [ ( / 2)] [ ( / 2)]

            [ ( / 2)] [ ( / 2)]

Tp p j t
s TT

p j t

R s t s t e dt
T

s t s t e

ε πε

πε

τ τ τ

τ τ

〈 〉 ∗ −

−→∞

〈 〉 ∗ −

+ −

+ −

∫ (5) 

where  1 p α≤ <  and 1kkz z z−〈 〉 ∗= . In equation (5), the 

convention 1kkz z z−〈 〉 ∗=  can also be rewritten in a polar 
form as 

 1k k k jz r z r e θ〈 〉 − ∗ −= =  (6) 

where jz re θ= . Equation (6) demonstrates that 
convention kz 〈 〉  contains fractional restrain magnitude 
but maintain period of random variable z . Thus, cyclic 
fractional lower-order autocorrelation function (5) and 
conventional cyclic correlation (4) share the same cycle 
frequency. In other words, kz 〈 〉  attenuates only the 
magnitude value of z , but it maintains the periods of z . 
Both of them exhibit the same cyclostationarity property.  

Note that the cyclic autocorrelation ( )sRε τ  could be 
expressed as the conventional cross correlation for the 
pair of time series ( )u t  and ( )v t  [6], 

 

2

0

( ) ( / 2) ( / 2)  

          ( / 2) ( / 2)

           = ( ) 

j t
s

uv

R s t s t e

u t v t

R

ε πετ τ τ

τ τ

τ

∗ −

∗

+ −

= + −  (7) 

where 
 ( ) ( ) j tu t s t e πε−  (8) 

 ( ) ( ) j tv t s t e πε  (9) 
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are obtained by frequency shifting ( )s t . By substituting 
(8) and (9) into (5), with the properties of 

( )k j t j t kz e zeπε πε〈 〉 ± 〈 〉= ∓  and ( ) ( )k kz z∗ 〈 〉 〈 〉 ∗= , the cyclic 
fractional lower-order autocorrelation , ( )p

sRε τ  can be re-
expressed as 

 
, ( ) [ ( / 2)] [ ( / 2)]

           ( ).

p p
s

p
uv

R u t v t

R

ε τ τ τ

τ

∗ 〈 〉= + −

=
 (10) 

Equation (10) reveals that the cyclic fractional lower-
order autocorrelation can be expressed as conventional 
fractional lower-order cross-correlation of the frequency-
shifted versions ( )u t  and ( )v t  of ( )s t . 

It should be noted that by using signed-power 
nonlinearity kz 〈 〉 , impulsive noise components in ( )u t  
and ( )v t  are reduced to fractional powers. Unlike cyclic 
autocorrelation ( )sRε τ  , even if the received noise in ( )n t  
and ( )m t  are S Sα  distribution impulsive processes, the 
cyclic fractional lower-order autocorrelation , ( )F

sRε τ is 
also applicable. Thus, the cyclic fractional lower-order 
autocorrelation function can be expected to exploit 
spectral correlation in the presence of impulsive noise. In 
particular, for 0ε = , cyclic fractional lower-order 
autocorrelation , ( )p

sRε τ becomes conventional fractional 
lower-order autocorrelation ( )p

sR τ . And for 2p = , it 
reduces to the conventional second-order cyclic 
autocorrelation ( )sRε τ . Substitute (1) and (2) into (5) and 
assume that r  is a real number, the cyclic fractional 
lower-order autocorrelation and cross correlation 
functions are given by 

 , ,( ) ( )p p
x sR Rε ετ τ=  (11) 

 , ,( ) ( )p p p j D
yx sR r R D eε ε πετ τ〈 〉 −= − . (12) 

To overcome the drawbacks of conventional signal-
selective methods, we propose a new algorithm based on 
cyclic fractional lower-order correlations. As an 
alternative, the new estimator 

 , ,, *( ) ( )( ( ))i i

i

p pp
M i yx x

A

g w R u R u duε εε

ε
τ τ

∈

+∑ ∫  (13) 

is called fractional lower-order statistics multi-cycle 
estimator (FLOS-MCE). By substituting the idealized 
measurements (11) and (12) into (13), we obtain the ideal 
function of the FLOS-MCE 

, ,, ( ) ( )( ( ))i i i

i

j D p pp p
M i s s

A

g r w e R D u R u duπε ε εε

ε
τ τ−〈 〉 ∗

∈

= − +∑ ∫ .(14) 

It follows from (14) that 

, ,,

2,

( ) ( )( ( ))

            ( ) .

i i i

i

i

i

j D p pp p
M i s s

A

p p
s

A

g r w e R D u R u du

r R u du

πε ε εε

ε

ε

ε

τ τ−〈 〉 ∗

∈

∈

= − +

≤

∑ ∫

∑ ∫
(15) 

It is noted that only if Dτ =  can the equality in (15) 
hold. When ij D

iw e πε=  and Dτ = , we have 

 
2,, ( ) ( )i

i

pp p
M s

A
g D r R u duεε

ε

〈 〉

∈
= ∑ ∫ . (16) 

Assume r  is a real number, then ppr r= , 

2,, ,( ) ( ) max ( )i

i

p pp p
M s M

A
g D r R u du gεε ε

ε
τ

∈
= =∑ ∫ . (17) 

To see that , ( )p
Mgε τ  does indeed peak at Dτ = , the 

solution of FLOS-MCE is given by 

 2,arg max{ ( )},    ij Dp
M iD g w e πεε

τ
τ= = . (18) 

Since the true value of D  is unknown, iw  can not be 
computed directly in real applications. In order to obtain 
accurate estimate of D , it should let 1iw =  get the initial 

,ˆ ( )p
Mgε τ  and D̂ , then estimate iw  through iteration [9]. 

Note that when 2p =  the FLOS-MCE reduces to the 
conventional multi-cycle estimator (MCE).  

VI.  SIMULATION RESULTS 

In this section, we present the results of a simulation 
study designed to compare the performance of the above 
algorithms for TDOA estimation. Simulation results are 
provided to demonstrate the effectiveness and robustness 
of the proposed method. We consider a real simulated 
BPSK signal [7], [9] with uncorrelated S Sα  noise added 
to the two received signals. The carrier frequency of the 
BPSK signal is 0.25 /c sf T= , keying rate of 

0.0625 / sTε =  with chip width 16o sT T= and sampling 
increment sT . The TDOA between two received signals is 
fixed at 48 sD T= . The length of the received signals is 
1024 32×  baud. As the stable distribution makes the 
standard SNR meaningless, then a new generalized SNR 
(GSNR) is defined as 2GSNR 10log s nσ γ= , where 2

sσ  is 
the variance of the signal, nγ  is the dispersion parameter 
of the S Sα noise. 

A. The Robustness of New Multi-cycle Algorithm  
The TDOA function of the conventional single-cycle 

estimator and multi-cycle estimator (MCE) in the 
presence of impulsive noise is shown in Fig. 1, and Fig. 2, 
respectively. The GSNR= 0 dB, characteristic exponent 
of the S Sα noise is 1.5α = , and 1.2p = .  It can be seen 
from Fig. 1 and Fig. 2 that although the conventional 
single-cycle and multi-cycle signal-selective TDOA 
methods are immune to Gaussian noise, both of them fail 
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to give correct estimation in this case where alpha-stable 
impulsive noise is present. The dominant peak of the 
single-cycle estimator is at 56 sTτ = . And the peak of 
interest is only one of many peaks, any one of which 
might be taken as the TDOA estimate. Similarly, the 
highest peak of the multi-cycle estimator is also at the 
wrong TDOA value 52 sTτ = .  
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Figure 1.  TDOA estimation function of the single-cycle 

estimator with cycle frequency 0.0625 / sTε = . 
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Figure 2.  TDOA estimation function of the conventional 

MCE with cycle frequencies ε , 2ε , and 2 cf . 

In contrast to this, the TDOA estimation functions of 
the proposed double-cycle and triple-cycle FLOS-MCE 
algorithms are shown in Fig. 3 and Fig. 4. It is clear that 
both the double-cycle and triple-cycle FLOS-MCE 
estimators are highly robust to the impulsive noise. The 
peak of interest is only one, and the highest peak is at the 
correct TDOA value 48 sD Tτ = = . Furthermore, the 
TDOA function of the triple-cycle FLOS-MCE has 
sharper peaks than that of the double-cycle FLOS-MCE. 

0 20 40 60 80 100 120 140 160 180 200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

τ /Ts 

A
m

pl
itu

de

 
Figure 3.  TDOA estimation function of the FLOS-MCE 

with cycle frequencies ε and 2ε .  
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Figure 4.  TDOA estimation function of the FLOS-MCE 

with cycle frequencies ε , 2ε  and 0. 

To illustrate the robustness of the new multi-cycle 
algorithm to the impulsive noise, the performances of the 
FLOS-MCE, MCE and FLOS [15] methods are given in 
Fig. 5 when GSNR is -5 dB. The cycle frequencies 
exploited by the algorithms are keying 
rate 0.0625 / sTε = , 2ε , and 0.  

Fig. 5 shows that the FLOS-MCE and FLOS methods 
greatly outperform the MCE method in impulsive noise 
condition. The MCE outperforms FLOS-MCE and FLOS 
only when the additive noise is Gaussian ( 2α = ). This is 
due to the fact that the effect of impulsive noise is 
diminished by fractional lower-order statistics.  
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Figure 5.  Performance of the proposed and conventional 

TDOA estimation algorithms when GSNR= -5 dB. 

The estimation accuracy of the robust double-cycle 
( ,  2ε ε ) and triple-cycle ( 0,  ,  2ε ε ) FLOS-MCE 
estimators are given in Fig. 6 and Fig. 7 in the presence 
of impulsive noise as the characteristic exponent α  
changes. Simulation results show that double-cycle 
estimator is inferior to triple-cycle estimator, and the 
performance of both double-cycle and triple-cycle 
estimators degrade as α  changes from 1.8 to 1.2. It can 
be understood from the fact characteristic exponent α  
controls the tails heaviness of S Sα distribution. As the 
value of α  changes from 1.8 to 1.2, the impulsiveness of 
the impulsive noise becomes more severe. So 
performance of the FLOS-MCE is degraded. 
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Figure 6.  TDOA estimation accuracy of the proposed 

double-cycle FLOS-MCE in the presence of impulsive noise 
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Figure 7.  TDOA estimation accuracy of the proposed 

triple-cycle FLOS-MCE in the presence of impulsive noise. 

B. Multiple Interference 
 In this case, the interference [4] consists of five AM 

signals with carrier frequencies of 1 0.156 / sf T= , 

2 0.203 / sf T= , 3 0.266 / sf T= , 4 0.313 / sf T= , and 

5 0.375 / sf T= , with bandwidths of 1 0.04 / sB T= , 

2 0.05 / sB T= , 3 0.045 / sB T= , 4 0.04 / sB T= , and 

5 0.08 / sB T= , and corresponding TDOAs of 1 28 sTτ = , 

2 68 sTτ = , 3 78 sTτ = , 4 38 sTτ = , and 5 58 sTτ = . The 
signal-to-interference ratio (SIR) of each AM signal is 0 
dB and GSNR is 0 dB, which yields a total signal-to-
noise ratio (SNR) of -8 dB. The cycle frequencies 
exploited by the algorithms are 0.0625 / sTε = , 
2ε and 2 cf . The characteristic exponent of S Sα noise is 
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Figure 8.  TDOA estimation accuracy in multiple 
interference and S Sα impulsive noise environment. 

1.6α = . From definition (5) we find that the value of p  
has an impact on the performance of FLOS-MCE. In Fig. 
8, the performance of the FLOS-MCE and FLOS 
methods [15] is evaluated in the presence of multiple 
interference and impulsive noise as p  changing from 1 to 
1.7. It can be seen that FLOS-MCE is substantial tolerant 
to the multiple interferences and impulsive noise as p  
changing from 1 to 1.4. The estimation accuracy using 
FLOS has the worst performance among these methods. 
It is clear that in order to acquire reliable TDOA estimate, 
the parameter p  of the FLOS-MCE should be set to 
be 1.3p < . 

C. Narrowband Interference   
The interfering signal [5] is a BPSK signal with carrier 

frequency of 1 0.2 / sf T= , keying rate of 1 0.025 / sTε = , 
and TDOA of 1 58 / sTτ = . The characteristic exponent of 
S Sα  noise is 1.8α = . The cycle frequency used by the 
algorithms are 0.0625 / sTε = , 2ε  and 2 cf . Even though 
the interference is the same type of SOI, it does not 
exhibit spectral correlation at ε , 2ε  and 2 cf . 
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Figure 9.  TDOA estimation accuracy for narrowband 

interference and impulsive noise environment. 

The TDOA estimation accuracy results are shown in 
Fig. 9. It can be seen that the accuracy of conventional 
MCE approximates very close to the new FLOS-MCE 
when GSNR < -12 dB. Whereas GSNR > -12 dB, the 
MCE are inferior to the new FLOS-MCE. Furthermore, it 
is clear that the double-cycle FLOS-MCE performs better 
than single-cycle estimator, but is inferior to the triple-
cycle one. 

V.  CONCLUSION 

Conventional second-order cyclostationarity based and 
FLOS based TDOA estimation methods perform poorly 
in non-Gaussian impulsive noise and interference 
environments. A robust multi-cycle signal selective 
TDOA algorithm based on cyclic fractional lower-order 
correlations for cyclostationary signals is presented. The 
new method makes better use of the cyclostationarity 
property and fractional lower-order statistics, and is 
tolerant to both interference and impulsive noise. The 
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proposed algorithm is a class of methods parameterized 
by p , include the conventional multi-cycle estimator (3) 
as a special case ( 2p = ). Simulation results illustrate 
that the new FLOS-MCE estimator provides better 
accuracy for TDOA estimation compared with 
conventional single-cycle and multi-cycle signal-selective 
estimators and FLOS method. And the FLOS-MCE 
algorithm exhibits robustness in a wide range of 
interference and noise environments. 
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