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Abstract—Two new algorithms used in large-scope solution 
are put forward to solve nonlinear equations which were not 
solved by some traditional methods. The initial value was 
arbitrarily chosen in very large scope. The convergence 
theorem of the algorithm was presented and proved. The 
computation is carried out by simple steepest descent rule 
without evaluation of the derivative evaluation of f. Thus, 
computation time is saved. The specific examples showed 
that the proposed method can choose the initial value in 
very large scope, without the derivative evaluation, and less 
computation with high precision and rapid convergence.  
 
Index Terms—nonlinear equations, algorithms, 
convergence, steepest descent rule, high precision, examples 
 

I.  INTRODUCTION 

Problems associated with nonlinear equation arise in 
many engineering fields. Traditional methods cover 
mainly the Bisection method, the Fixed-point iteration, 
the Newton’s method, and the Secant method[1-3] etc. 
The Newton’s method is one of the most powerful and 
well-known numerical methods solving a root-finding 
problem. But it has a major weakness: the need to know 
the value of the derivative of f at each approximation. 
Frequently, )(xf ′  is far more difficult and needs more 
arithmetic operations to calculate than )(xf . In addition, 
Newton’s method converges rapidly if the initial 
approximation is sufficiently close to the solution. 
Otherwise, it is difficult to converge. The Bisection 
method is an easy and practical method, but it may 
converge slowly. Usually, it is used to estimate the initial 
approximation of root in application. The Secant method 
is similar to the Newton’s method. The derivative 
evaluation in the Newton’s method is replaced by the 
difference evaluation in the Secant method. Its advantage 
is obvious when it is not easy or impossible to evaluate 
the derivative, but, generally speaking, it slowly 
converges. Fixed-point iteration can be done when it 
forms a proper iterative function )(xg by a given 

nonlinear equation 0)( =xf : )(1 kk xgx =+ , 

L,2,1,0=k . It is well-known that the formation of 

iterative function )(xg  determines convergent speed. 
An appropriate iterative function )(xg can converge 
rapidly while an unsuitable one may do very slowly or do 
not at all. Thus, the formation of iterative function )(xg  
is very important, but it is not easy how to form an 
appropriate or the best iterative function )(xg  in 
practical application. There are also some other improved 
algorithms such as the semi-covered iteration method and 
an accelerated iteration method to nonlinear equation in 
large scope[4-6] etc. The semi-covered iteration demands 
that )(' xf should be not zero in the 
interval ],[ ba and )(xf should include arbitrary order 
continuous the derivative, so harsh terms are demanded. 
Some other methods, such as the Routh method [7], the 
Truong, Jeng and Reed method [8], the Fedorenko 
method [9], the Halley method[10], and some modified 
Newton’s methods[11-13], etc. Among other methods, 
some have low accuracy, and some have more 
computation, especially to say is the modified Newton’s 
methods must have a good initial value near solution. 
Furthermore, it is very difficult for the all methods 
mentioned above to find multiple real or complex roots of 
nonlinear equations or polynomials. 

 Based on the limitation of the algorithms above, first, 
we studied a novel method independent of choice of 
initial approximation and iterative function: a novel 
algorithm solving nonlinear equation in very large scope. 
The approach can choose the initial approximation in 
very large scope, without computing the derivative, and 
less computation with very high precision and very rapid 
convergence speed. 

Second, for the problem difficult to find multiple real 
or complex roots of nonlinear equation or polynomials, 
we propose an algorithm finding multiple real or complex 
roots of nonlinear equation or polynomials with variable 
learning rate. The approach can find multiple roots of 
nonlinear equation or polynomials with less computation, 
high accuracy and rapid convergence. 

II.   THE ADAPTIVE ALGORITHM SOLVING NONLINEAR 
EQUATION IN LARGE SCOPE 
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A. The algorithm description 
To find a solution to 0)( =xf given the continuous 

function f on the interval ],[ ba ，where )(af and )(bf  
have opposite signs. The main idea of the algorithm is to 
make function f satisfy 0)( =xf through training the 
weight x . The adaptive algorithm is as follows:  
Given an initial approximation weight kx , then an error 
function can be obtained: 

)()(0)( kk xfxfke −=−=                           (1) 

Define an objective function J as follows: 

)(
2
1 2 keJ =                    (2) 

To minimize the objective function J , the weight kx is 
recursively calculated via using a simple gradient descent 
rule: 

k
kk dx

dJxx η−=+1                   (3) 

Whereη is learning rate and 10 <<η . 

Differentiating Eq. (35) with respect to kx , it can be 
obtained that 

)()()(
)(
)(

)( k
k

k

kk

xfke
dx

xdf
xdf
kde

kde
dJ

dx
dJ ′−==      (4) 

Substituting Eq. (4) into Eq. (3), we have 
)()(1 kkk xfkexx ′+=+ η                                 (5) 

We know from Eq.(5) the need to calculate the 
evaluation of the derivative of f at each approximation. 
Frequently, )(xf ′ is far more difficult and needs more 
arithmetic operations to compute than )(xf . To 
circumvent the problem of the derivative evaluation 
of f , we introduce a slight variation. By definition, 

ab
afbfxfM

−
−

=′=
)()()(                          (6) 

Using this approximation for )( kxf ′ gives 

Mkexx kk )(1 η+=+                       (7) 

It is very obvious that the computation is less using 
constant M to replace the derivative )( kxf ′ . 

B.  Study of the algorithm convergence 
In order to ensure the absolute convergence of the 

algorithm, it is important to select a proper learning 
rateη . In the section, we present and proof the theorem 
about convergence of the algorithm. It is as follows: 
Theorem 1:  Suppose that ],[ baCf ∈ , and 

 0)()( <⋅ bfaf . Only when 2/20 L<<η , the 
algorithm is convergent, where η is learning rate 

and )((max
],[

xfL
bax

′=
∈

. 

Proof:  Define a Lyapunov function: 

)(
2
1)( 2 kekV =                                   (8) 

Then 

)(
2
1)1(

2
1)( 22 kekekV −+=∆          (9) 

Since 

k
k

x
dx

kdekekekeke ∆+=∆+=+
)()()()()1(    (10) 

and 

kk
k dx

kdeke
dx
dJx )()(ηη −=−=∆        (11) 

According to (9) ,(10) and (11), we have 

))(
2
1)(()(

)](
2
1)()[()(

2
22

2

kk dx
kdeke

dx
kde

kekekekV

ηη +−=

∆+∆=∆

    (12) 

Known from the Eq.(1): )()(
k

k

xf
dx

kde ′−= , 

Substituting it into Eq. (12) gives: 

))(
2
1)(()()( 2222

kk xfkexfkV ′+−′=∆ ηη    (13) 

Since 0)()( 22 ≥′ kexf k ， if the algorithm is 

convergent, i.e. 0<∆ kV , then it is easy to see from Eq. 
(13) that： 

0)(
2
1 22 <′+− kxfηη                    (14) 

Also since 0>η , we have  
2

],[

2 )((max/2)(/20 xfxf
baxk ′≤′<<

∈
η             (15) 

Define )((max
],[

xfL
bax

′=
∈

, then we obtain: 

2/20 L<<η                         (16) 

C. Evaluation of the optimal learning rate optη  

It is important to choose the magnitude of the learning 
rate η during the training of algorithm. Theorem 1 
indicates the theory criterion selecting the magnitude of 
the learning rateη . If learning rateη  is too large, the 
algorithm may produce oscillation phenomenon and is 
not convergent at all. If learning rateη  is too small, the 
algorithm may be slowly convergent with more 
computation. Since learning rate η depends on the 
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maximum derivative )((max
],[

xfL
bax

′=
∈

, hence it is very 

important to choose the optimal derivative 
evaluation optL . How is it chosen? Specially, while 

function )(xf is too complex to calculate its derivative, 
it is difficult to obtain the optimal derivative 
evaluation optL . In order to solve the problem above, we 

can obtain the optimum evaluation optL according to the 

mean value and the maximum value of )(xf ′ and the 
global change tendency of function )(xf  through the 
graph of function )(xf , hence the optimal learning 

rate optη is equal to 2/2 optL , i.e. 2/2 optopt L=η . 

D. Algorithm steps 
To find a solution to 0)( =xf given an initial 

approximation kx : 

INPUT: initial approximation kx ; tolerance Tol ; 

maximum number of iterations N ; evaluating maximum 
value of )(xf ′ : ))((max

],[
xfL

bax
′=

∈
 and calculating 

ab
afbfxfM k −

−
=′=

)()()( ; evaluating optimal 

derivative value optL according to the L , M and the 

global change tendency of the function )(xf ; 

computing optimal learning rate 2/2 optopt L=η . 

OUTPUT: approximate solution 1+kx or message of 
failure. 
Step 1: While Nn ≤ do Steps 2-5 
Step 2: Compute error function )(ke and objective 

function J : )()( kxfke −= ; )(
2
1 2 keJ =  

Step 3: Update weight: Mkexx optkk )(1 η+=+  

Step 4: If TolJ ≤ then  
      OUTPUT ( 1+kx ); (The procedure was successful.) 
      STOP. 
Step 5: Set 1+= nn . 
      Go back to step 2. 
Step 6: OUTPUT(‘The method failed after N iterations, 
=n ’, N ); 

      (The procedure was unsuccessful.) 
      STOP. 

III. NUMERICAL EXAMPLES 

Example 1: To find a solution to 
0cos1)( =−−= xexf x π  on interval[0,1]. The graph 

of the function )(xf is shown in Figure 1. It is obvious 

that the function )(xf has only one zero on the interval 
[0, 1], and is smooth. We know from the figure 1 
that )(xf ′ exists a maximum value in the [1.75, 2]  

6.5
75.12
44.5
≈

−
−

=L , 

and 7183.3
01

)0()1(
≈

−
−

=
ffM . Since L is close 

to M , hence let 6.5=optL , 

and 0638.0
6.5
2

2 ==optη , the results are shown as 

table 1. 

 

Fig.1 The graph of the function )(xf  in example 1 

Reference [4] doesn’t give iteration number, so it is 
impossible to know the convergent speed, and computing 
result depends on given initial value. Because different 
initial value has different result, the algorithm’s stability 
is not good. We know form reference [5] that Newton’s 
method does not converge in example 1. 

TABLE 1 
 THE RESULTS OF THE EXAMPLE 1 

0x  k kx  )( kxf  

Algorithm proposed in the paper 

Give a random 
initial value on 
the interval[0,1] 

3 0.35823107 -4.860543e-6 

5 0.35823223 0.809785e-7 

9 0.35823221 -1.11022e-16 

-0.5 
8 0.35823224 1.495851e-7 

13 0.35823221 -1.11022e-16 

0.0 
4 0.35823196 -1.048646e-6 

10 0.35823221 -4.99600e-16 

2.0 
5 0.35823338 5.015526e-6 

10 0.35823221 5.55112e-16 
Semi-covered 
iteration [4] 

Non-
given 

0.35167154- 
0.35842877 

-0.2786e-5-
8.3863e-4 

Newton’s 
method[5] 

Diver-
gence - - 

Example 2: 015/)100sin()( 2 =−+= xxxxf  on 
interval [3, 4](Reference[3]). The graph of the 
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function )(xf is shown in Figure 2. We know from the 
Figure 2 that the function )(xf has three roots on the 
interval [3, 4] and is not smooth. Furthermore, it is 
difficult to compute its derivative. 

Let 8795.6
34

)3()4(
=

−
−

=
ffM . We know from the 

Figure 2(b) that the local maximum of )(xf ′ is: 

5.19
8.382.3

)54.0(15.0
=

−
−−−

=L . According to the global 

change tendency of Figure 2, we may choose optimal 
derivative value: 

5.19575.168.05.19 ≤≤=× optL . Let 2/2 optL=η . 
The results are shown as table 2. 
Why is not the second root obtained? Actually, we only 
replace 8795.6=M with 8795.6−=− M , the second 
root can be obtained. The results are shown as table 3. 

 
(a) The graph of the )(xf on the interval [3, 4] 

 
(b) The graph of the )(xf on the interval [3.84,3.87] 

Figure 2 The graph of  the function )(xf in example 2 

Example 3: To find a solution to 
010)cos()( 22 =−+= xxxf  

On interval [0, 5] (Reference[3]). The graph of the 
function )(xf is shown in Figure 3. We know from the 
Figure 3 that the function )(xf has only one zero on the 
interval [0, 5] and is not smooth. Furthermore, it is 
difficult to calculate its derivative. 

Let 9982.4
05

)0()5(
=

−
−

=
ffM . We know from the 

Figure 3 that the local maximum of )(xf ′ is as 

follows: 16
85.45

6.1316
=

−
−

=L . According to the global 

change tendency of Figure 3, we may choose an optimal 

derivative value: 9=optL , hence 02469.0
9
2

2 ==η . 

The results are shown as table 4. 

TABLE 2 
THE RESULTS OF THE EXAMPLE 2 

0x  k kx  )( kxf  

]4,3[0 ∈x  

575.16=optL
 

9 3.8434287569 
(the first root) 0.175540e-6 

14 3.8434287656 
(the first root) 1.776356e-15 

Let 2=kx  

575.16=optL
 

19 3.8434271182 
(the first root) 3.32017e-5 

37 3.8434287656 
(the first root) 1.77635e-15 

Let 6=kx  

5.19=optL  

18 3.8662013777 
(the third root) 2.6017e-5 

33 3.8662021650 
(the third root) 1.77635e-15 

TABLE 3 
 THE RESULTS OF THE SECOND ROOT IN EXAMPLE 2 

∈0x  

[3.85,3.86] 

optL = 

16.575 

k kx  )( kxf  

6 3.8602629510 
(the second root) 2.221169e-5 

22 3.8602643163 
(the second root) -3.552713e-15 

 

 

(a) The graph of the )(xf on the interval [0, 5] 
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(b) The graph of the )(xf on the interval [4.5, 5] 

Figure 3 The graph of the function )(xf in example 3 

TABLE 4 
 THE RESULTS OF THE  SECOND ROOT IN EXAMPLE 3 

0x  k kx  )( kxf  

∈0x  

[0,5] 

5 3.0106939005 -1.737968e-6 

10 3.0106941138 1.776357e-15 

-2 14 3.0106941138 1.776356e-15 

8 14 3.0106941138 -1.776357e-15 

 
Example 4: To find a solution to 

012)( =−−= xexf  

on interval [0.5,1.5] (Reference[3]). The graph of the 
function )(xf is shown in Figure 4. We know from the 
Figure 4 that the function )(xf has only one zero on the 
interval [0.5, 1.5] and is not smooth. Furthermore, it is 
difficult to compute its derivative. 

Let 0314.2
5.05.1

)5.0()5.1(
≈

−
−

=
ffM . We know from 

the Figure 4 that the local maximum of )(xf ′ is as 

follows: 125.3
7.05.1
)1(5.1
=

−
−−

=L . Since L is close 

to M , choosing 125.3=optL and 

2048.0/2 2 == optopt Lη . The results are shown as 
table 5. 

 
Figure 4 The graph of the function )(xf in example 4 

 

According to the reference [3] and reference [6], when 
the initial approximation kx is in within the small 

neighborhood of roots ( 001.0)( ≤xf ), the comparison 
results from example 2 to example 4 are shown in table 6. 

TABLE 5 
 THE RESULTS OF THE  SECOND ROOT  IN EXAMPLE 4 

0x  k kx  )( kxf  

∈0x  

[0.5,1.5] 

10 1.09861122732361 -3.18403e-6 

29 1.09861228866811 
(exact value) 0 

0.1 35 1.09861228866811 
(exact value) 0 

2.0 37 1.09861228866811 
(exact value) 0 

TABLE 6 
THE COMPARISON RESULTS FROM  EXAMPLE 2 TO EXAMPLE 4 

(REFERENCE [3] AND REFERENCE [6]) 
Algori-
thms 

k 1+kx  )( 1+kxf  

Example 2 

Newton 
method 4 3.8434 1.007e-5 

Newton- 
like 

method 
6 3.8434 0.520e-4 

Secant 
method 6 3.8434 0.645e-6 

Ref. [3,6] 3 3.8434 0.437e-6 
The 

method in 
this paper 

3 3.8434 0.400e-8 

Example 3 
Newton 
method 6 3.1874 0.902e-6 

Newton- 
like 

method 
Inf Divergence Divergence 

Secant 
method 5 3.0107 0.433e-5 

Ref. [3,6] 3 3.0107 0.845e-6 
The 

method in 
this paper 

2 3.0107 1.42e-7 

Example 4 
Newton 
method 3 1.0986 1.960e-5 

Newton- 
like 

method 
5 1.0986 3.082e-5 

Secant 
method 4 1.0986 1.688e-5 

Ref. [3,6] 5 1.0986 0.656e-6 
The 

method in 
this paper 

6 1.0986 0.677e-7 

IV. THE ALGORITHM FINDING MULTIPLE ZEROS OF 
NONLINEAR EQUATION 
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A. The algorithm description 

The approaches researched above are only suitable for 
solving the nonlinear equations with a single root. When 
nonlinear equations have multiple roots, we must find 
new method solving nonlinear equations with multiple 
roots. 

  Assumed that *x is the multiple m root of nonlinear 

equation )(xf , i.e. 0)( * =xf , then 0)( *)1( =− xf m . 

Hence the algorithm is as follows:  

Given an arbitrary initial value kx , real or complex, an 

error function can be obtained: 

)()(0)( )1()1(
k

m
k

m xfxfke ii −− −=−=                   (17) 

Define an objective function J as 

)(
2
1)( 2 kekJ =                                (18) 

To minimize the J , the weight kx is recursively 

computed via using a simple gradient descent rule with 

variable learning rate: 

k
kk dx

kdJkxx )()(1 η−=+                    (19

) 

Where )(kη is variable learning rate and is usual  

1)(0 << kη , then 

k
k dx

kdJkx )()(η−=∆                                  (20) 

On differentiating eqn.18 with respect to kx , the gradient 

of )(kJ with respect to kx is given by 

)()(

)(
)(

)(
)(
)()(

)(

)1(

)1(

k
m

k

k
m

k
m

k

xfke

dx
xdf

xdf
kde

kde
kdJ

dx
kdJ

−=

=
−

−            (21) 

Substituting (21) into (19), we have 

)()()( )(
1 k

m
kk xfkekxx iη+=+                          (22) 

here, )()()( )(
k

m
k xfkkex η=∆ . 

To illustrate the point here is that the algorithm finding 
multiple root of nonlinear equation is also suitable for 
finding multiple roots of polynomials. 

B. Research of the algorithm convergence 
In order to ensure the absolute convergence of the 

algorithm above, it is important to select a proper 
adaptive learning rate: )(kη . In the section, we present 
and prove the theorem about convergence of the 
algorithm proposed as follows: 
Theorem 2: the function ],[ baCf m∈ has a zero of 

multiplicity m at *x in (a, b) if and only if 
0)()()( *)1(** ===′= − xfxfxf mL , but  

0)( *)( ≠xf m , then only when 
2)( )](/[2)(0 k

m xfk <<η                      (23) 

the algorithm proposed is convergent, where )(kη is 
variable learning rate. 
Proof:   the proof of the theorem 2 is similar to the 
theorem 1. Please reference to the proof method of 
theorem 1. 

C. Algorithm steps 

To find a zero of multiplicity im  to 0)( =xf given 

one approximation 0x : 

INPUT: 0x (real number or complex number); 

tolerance Tol ; maximum number of iterations N ; 
let 0=k ; 
OUTPUT: approximate solution 1+kx or message of 
failure. 
Step 1: While Nk ≤ do Steps 2-5 

Step 2: set )()( )1(
k

m xfke i−−= ;
2)(

2
1 keJ =  

If 2)()( ≤k
m xf i then 5.0)( =koptη  

Else 2)( )](/[1)( k
m

opt xfk i=η  

Step 3: )()()( )(
1 k

m
optkk xfkekxx iη+=+  

Step 4:  If TolJ ≤ then 
      OUTPUT ( 1+kx ); (The procedure was successful.) 
      STOP 
Step 5: Set 1+= kk xx ; 1+= kk  
      Go back to step 2 
Step 6: OUTPUT (‘the method failed after N iterations, 
=n ’ k ); 

      (The procedure was unsuccessful.) 
      STOP. 

D. Results and discussion 

In order to confirm the validity of the algorithm 
proposed, we will give three examples. 
Example 5: Consider 1)( −−= xexf x [1]. Since 

010)0( 0 =−−= ef and 01)0( 0 =−=′ ef , 
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but 1)0( 0 ==′′ ef , f has a zero of multiplicity two 
at 0=p . 

The table 7 shows the results of the method proposed 
and the modified Newton’s method. The results in table7 
illustrate that the algorithm proposed is much more 
accurate than the modified Newton’s method. It is 
obvious that the method proposed can find zeros of 
nonlinear equation. 

TABLE 7 
 THE RESULTS OF THE EXAMPLE 5 

Algorithm proposed The modified Newton’s 
method [1] 

k kx  k kx  

0 1.0000000 0 1.0000000 
1 3.6787944e-1 1 -2.3421061e-1 
2 6.0080069e-2 2 8.4582788e-3 
3 1.7691994e-3 3 1.1889524e-5 
4 1.5641108e-6 4 6.8638230e-6 
5 1.2232654e-12 5 2.8085217e-7 
6 2.1676421e-17 - - 

Example 6: In order to verify the validity finding double 

zeros using the method proposed, we give a polynomial 

as follows: 

25901311004310
)2()2()1()(

23456

222

++++++=

−++++=

xxxxxx
jxjxxxf

 

Which has one double real zero at -1, and two double 

conjugate-complex zeros at j±− 2 . Using the algorithm 

proposed produces the results in table 8. 

The results in table 8 show that the algorithm proposed 

has very high accuracy in the field of finding double 

zeros of polynomials. It can find not only double real 

zeros, but also double conjugate-complex zeros. 

TABLE 8 
 THE RESULTS OF THE EXAMPLE 6 

0x  k kx  ik px −  

-1000 42 -1.0000000000 
(exact value) 0.00000000 

1000 38 -1.0000000000 
(exact value) 0.00000000 

0.0 9 -1.0000000000 
(exact value) 0.00000000 

-3+3i 12 
-2.000000000 + 

1.000000000i (exact 
value) 

0.00000000 

-3-3i 12 
-2.000000000 - 

1.000000000i (exact 
value) 

0.00000000 

Example 7: The eighth-degree polynomial 

]16)1(8)1[()2(
)21()21()2()(

244

224

+++++=

−++++=

xxx
jxjxxxf

 

has one multiplicity four real zero at 2− , and two double 
conjugate-complex zeros, at j21±− . Using the method 
proposed produces the results in table9. 

TABLE 9 
 THE RESULTS OF THE EXAMPLE 7 

Initial values 

0x  k kx  ik px −  

± 1000 37 -2.0000000000 
(exact value) 0.000 

-3.0 

1 -2.6440366972 0.644 
2 -2.3647168555 0.365 
3 -2.1607425715 0.161 
4 -2.0413652042 0.041 
5 -2.003246032 3.246e-3 
6 -2.000020991 2.099e-5 
7 -2.000000000 0.88e-9 

8 -2.000000000 
(exact value) 0.000 

0+3i 

1 -0.235315507 + 
2.657230278i 1.008 

2 -0.438921130 + 
2.383656064i 0.680 

3 -0.615532340 + 
2.175393618i 0.422 

4 -0.769319340 + 
2.031719015i 0.233 

5 -0.902586134 + 
1.957131458i 0.106 

6 -1.001191303 + 
1.964823096i 0.035 

7 -1.001688399 + 
2.004554906i 0.486e-2 

8 -1.000068342 + 
2.000038269i 0.783e-4 

9 -1.000000013 + 
1.999999984i 2.068e-8 

10 -1.000000000 + 
2.000000000i 1.510e-15 

11 
-1.000000000 + 
2.000000000i 
(exact value) 

0.000 

0-3i 11 
-1.000000000 - 
2.000000000i 
(exact value) 

0.000 

1+10i 18 
-1.000000000 
+2.000000000i 
(exact value) 

0.000 

1-10i 18 
-1.000000000 - 
2.000000000i 
(exact value) 

0.000 

V. CONCLUDING REMARKS 

We know from the table 1 to table 5 that the algorithm 
proposed in this paper can choose the initial 
approximation in very large scope, without the derivative 
evaluation, and less computation with high precision and 
rapid convergence. Specially, the results of the table 5 
showed that the algorithm presented can obtain the exact 
value of roots which other methods can never do. The 
comparison results of the table 6 showed that the 
approach proposed has faster convergence and higher 
accuracy than other methods. We can know from the 
table 7 to table 9 that the algorithm proposed can rapidly 
and precisely calculate the multiple real and complex 
roots of polynomials or nonlinear equation which were 
not solved by other traditional methods at all. All the 
results in three examples have high precise values with 
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less computation. Especially, the results both in table 8 
and table 9 can produce exact values. Furthermore, the 
two novel algorithms proposed can be convergent when 
an initial approximation was selected in a large scope. 
Hence, the algorithms proposed will play a very 
important role in the many fields of science and 
engineering practice. 
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