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Abstract—Using Particle Swarm Optimization to handle 
complex functions with high-dimension it has the problems 
of low convergence speed and sensitivity to local 
convergence. The convergence of particle swarm algorithm 
is studied, and the condition for the convergence of particle 
swarm algorithm is given. Results of numerical tests show 
the efficiency of the results. Base on the idea of 
specialization and cooperation of particle swarm 
optimization algorithm, a multiplicate particle swarm 
optimization algorithm is proposed. In the new algorithm, 
particles use five different hybrid flight rules in accordance 
with section probability. This algorithm can draw on each 
other ' s merits and raise the level together The method uses 
not only local information but also global information and 
combines the local search with the global search to improve 
its convergence. The efficiency of the new algorithm is 
verified by the simulation results of five classical test 
functions and the comparison with other algorithms. The 
optimal section probability can get through sufficient 
experiments, which are done on the different section 
probability in the algorithms. 
 
Index Terms—particle swarm optimization algorithm, 
convergence, parameter 
 

I.  INTRODUCTION 

Particle swarm optimization (PSO) is one of the 
evolutionary computational techniques. Since its 
introduction (Eberhart R C , Kennedy J.1995; Kennedy J, 
Eberhart R.1995; Shi Y H , Eberhart R C.1998)[1,2,3,4], 
PSO has attracted much attention from researchers 
around the world. It is a population-based search 
algorithm and is initialized with a population of random 
solutions, called particles. Each particle in PSO moves 
over the search space at velocity dynamically adjusted 
according to the historical behaviors of the particle and its 
companions. Using Particle Swarm Optimization to 
handle complex functions with high-dimension it has the 
problems of low convergence speed and sensitivity to 
local convergence. Although PSO is a fairly recent 
algorithm, it is quickly gaining momentum in the 

engineering research community. Several researchers 
have analyzed the performance of the PSO with different 
settings, e.g., neighborhood settings, cluster analysis, etc. 
It has been used for approaches that can be used across a 
wide range of applications. For example Fourie and 
Groenwold applied the algorithm to structural shape and 
sizing [5] and topology optimization [6] problems. The 
authors applied the algorithm to a cantilevered beam [7] 
and multi-disciplinary design optimization of a transport 
aircraft wing [8]. The University of Florida has applied 
the algorithm to biomechanical system identification 
problems e.g. [9]. Some authors have worked on parallel 
PSO algorithms in an attempt to alleviate the associated 
high computational cost. Most parallel implementations 
of the PSO algorithm presented to date are based on a 
synchronous implementation e.g. [9], where all design 
points within a design iteration are evaluated, before the 
next design iteration is started. Particle swarm 
optimization can be and has been used across a wide 
range of applications. Areas where PSOs have shown 
particular promise include multimodal problems and 
problems for which there is no specialized method 
available or all specialized methods give unsatisfactory 
results. PSO applications are so numerous and diverse 
that a whole paper would be necessary just to review a 
subset of the most paradigmatic ones. Here we only have 
a limited space to devote to this topic. So, we will limit 
ourselves to listing the main application areas where 
PSOs have been successfully deployed. Base on the idea 
of specialization and cooperation of particle swarm 
optimization algorithm, a multiplicate particle swarm 
optimization algorithm is proposed. 

II.  THE BASIC PSO ALGORITHM 

In the PSO algorithm, the birds in a flock are 
symbolically represented as particles. These particles can 
be considered as simple agents “flying” through a 
problem space. A particle’s location in the multi-
dimensional problem space represents one solution for 
the problem. When a particle moves to a new location, a 
different problem solution is generated. This solution is 
evaluated by a fitness function that provides a 
quantitative value of the solution’s utility. 
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The velocity and direction of each particle moving 
along each dimension of the problem space will be 
altered with each generation of movement. In 
combination, the particle’s personal experience, Pid and 
its neighbors’ experience, Pgd influence the movement of 
each particle through a problem space. The random 
values rand1 and rand2 are used for the sake of 
completeness, that is, to make sure that particles explore a 
wide search space before converging around the optimal 
solution. The values of c1 and c2 control the weight 
balance of Pid and Pgd in deciding the particle’s next 
movement velocity. At every generation, the particle’s 
new location is computed by adding the particle’s current 
velocity, vid, to its location, xid. Mathematically, given a 
multi-dimensional problem space, the ith particle changes 
its velocity and location according to the following 
equations[1][2]: 

)(
)(

22

110

idgd

idididid

xprandc
xprandcvcv

−××+
−××+×=

               (1) 

ididid vxx +=                                                      (2) 
where c0 denotes the inertia weight factor; pid is the 

location of the particle that experiences the best fitness 
value; Pgd is the location of the particles that experience a 
global best fitness value; c1 and c2 are constants and are 
known as acceleration coefficients; d denotes the 
dimension of the problem space; rand1, rand2 are random 
values in the range of (0, 1). For equation (1), the first 
part represents the inertia of pervious velocity; the second 
part is the “cognition” part, which represents the private 
thinking by itself; the third part is the “social” part, which 
represents the cooperation among the particles. If the sum 
of accelerations would cause the velocity vid, on that 
dimension to exceed vmax,d ,then vid, is limited to vmax,d. 
vmax,d determines the resolution with which regions 
between the present position and the target position are 
searched. Weighted combination of three possible moves 
is shown in Figure 1. 

The PSO algorithm can be described as follows: 
I) For each particle: 

Initialize particle 
II) Do: 

a) For each particle: 
1) Calculate fitness value 
2) If the fitness value is better than the best 

fitness value pbest in history 
3) Set current value as the new pbest 
End 

b) For each particle: 
1) Find in the particle neighborhood, the 

 particle with the best fitness gbest. 
2)Calculate particle velocity according 
 to the velocity equation (1) 

3) Apply the velocity constriction 
4) Update particle position according to the 

 position equation (2) 
5) Apply the position constriction 
End 

     While maximum iterations or minimum error 
criteria 

is not attained 

kpbest

kgbestkx
1+kx

kv
 

Figure 1. Weighted combination of three possible moves 

III.  PARAMETERS ANALYSIS OF PSO 

The basic PSO described above has a small number of 
parameters that need to be fixed. One parameter is the size 
of the population. This is often set empirically on the basis 
of the dimensionality and perceived difficulty of a problem. 
Values in the range 20–50 are quite common. 

The parameters  1c  and 2c  in (1) determine the 
magnitude of the random forces in the direction of personal 
best pid and neighborhood best Pgd. These are often called 
acceleration coefficients. The behavior of a PSO changes 
radically with the value of 1c  and 2c . Interestingly, we 

can interpret the components )(11 idid xprandc −××  

and )(22 idgd xprandc −×× in (1) as attractive forces 
produced by springs of random stiffness, and we can 
approximately interpret the motion of a particle as the 
integration of Newton’s second law. In this interpretation, 

2/1c  and 2/2c  represent the mean stiffness of the 
springs pulling a particle. It is no surprise then that by 
changing 1c  and 2c  one can make the PSO more or less 
“responsive” and possibly even unstable, with particle 
speeds increasing without control. The value 1c = 2c =2, 
almost ubiquitously adopted in early PSO research, did 
just that. However, this is often harmful to the search and 
needs to be controlled. The technique originally proposed 
to do this was to bound velocities so that each component 
of vid is kept within the range [−vmax,d,+ vmax,d]. The 
choice of the parameter vmax,d required some care since it 
appeared to influence the balance between exploration 
and exploitation. The use of hard bounds on velocity, 
however, presents some problems. The optimal value of 
vmax,d is problem-specific, but no reasonable rule of 
thumb is known. Further, when vmax,d x was implemented, 
the particle’s trajectory failed to converge. Where one 
would hope to shift from the large-scale steps that typify 
exploratory search to the finer, focused search of 
exploitation, vmax,d simply chopped off the particle’s 
oscillations, so that some hopefully satisfactory 
compromise was seen throughout the run. 

Motivated by the desire to better control the scope of the 
search, reduce the importance of vmax,d, and perhaps 
eliminate it altogether, the following modification of the 
PSO’s update equations was proposed (Shi and Eberhart): 
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The inertia weight 0c  can be interpreted as the 
fluidity of the medium in which a particle moves. This 
perhaps explains why researchers have found that the best 
performance could be obtained by initially setting 0c  to 
some relatively high value (e.g., 0.9), which corresponds 
to a system where particles move in a low viscosity 
medium and perform extensive exploration, and gradually 
reducing 0c  to a much lower value (e.g., 0.4), where the 
system would be more dissipative and exploitative and 
would be better at homing into local optima. It is even 
possible to start from values of 10 >c , which would 
make the swarm unstable, provided that the value is 
reduced sufficiently to bring the swarm in a stable region 
(the precise value of 0c  that guarantees stability depends 
on the values of the acceleration coefficients). 

Naturally, other strategies can be adopted to adjust the 
inertia weight. For example, in (Eberhart and Shi 2000) 
the adaptation of 0c  using a fuzzy system was reported 
to significantly improve PSO performance. Another 
effective strategy is to use an inertia weight with a 
random component, rather than time-decreasing. For 
example, (Eberhart and Shi 2001) successfully used 

)1,5.0(0 Uc = . There are also studies, e.g., (Zheng et 
al. 2003)[10], in which an increasing inertia weight was 
used obtaining good results. 

Clerc and Kennedy (2002)[11] noted that there can be 
many ways to implement the constriction coefficient. One 
of the simplest methods of incorporating it is the 
following: 

))(
)((

22

11

idgd

idididid

xprandc
xprandcvv

−××+
−××+= χ

 

Where 421 >+= ccc  and 

         
ccc 42

2
2 −+−

=χ  

When Clerc’s constriction method is used, c  is 
commonly set to 4.1, 21 cc = , and the constant 
multiplier χ  is approximately 0.7298. These results in 
the previous velocity being multiplied by 0.7298 and each 
of the two idid xp −  terms being multiplied by a random 
number limited by 0.7298×2.05≈1.49618. 

The constricted particles will converge without 
using any vmax,d at all. However, subsequent experiments 
and applications (Eberhart and Shi 2000) [12] concluded 
that a better approach to use as a prudent rule of thumb is 
to limit vmax,d to xmax,d, the dynamic range of each variable 
on each dimension. The result is a particle swarm 
optimization algorithm with no problem-specific 
parameters.  And this is the canonical particle swarm 
algorithm of today. 

Yuhui Shi, Russell C(1998) [13]have analyzed the 
impact of the inertia weight and maximum velocity 
allowed on the performance of PSO. A number of 

experiments have been done with different inertia weights 
and different values of maximum velocity allowed. It is 
concluded that when vmax,d. is small, an inertia weight of 
approximately 1 is a good choice, while when vmax,d.is not 
small, an inertia weight 8.00 =c  is a good choice. 
When we lack knowledge regarding the selection of 
vmax,d, it is also a good choice to set vmax,d equal to xmax,d 
and an inertia weight 8.00 =c  is a good starting point. 
Furthermore if a time varying inertia weight is employed, 
even better performance can be expected. 

In (Kennedy, J. 1997) based on 1c  and 2c , Kennedy 
introduces four models of PSO, defined by omitting or 
restricting components of the velocity formula.  

(1) The complete formula above defines the Full 
Model. That is 01 >c  and 02 >c . 

(2) Dropping the social component results in the 
Cognition-Only Model. That is 01 >c  and 02 =c . 

(3) dropping the cognition component defines the 
Social-Only Model. That is 01 =c  and 02 >c . 

(4) Selfless is the Social-Only Model, but the 
neighborhood best is chosen only from the neighbors, 
without considering the individual particle’s gbest vector. 
That is 01 =c  , 02 >c  and g ≠ i. 

Regarding the inertia weight, it determines how the 
previous velocity of the particle influences the velocity in 
the next iteration: If 00 =c , the velocity of the particle 
is only determined by the pbest and  gbest positions. This 
means that the particle may change its velocity instantly 
if it is moving far from the best positions in its 
knowledge. Thus, low inertia weights favor exploitation 
(local search).  If 0c  is high, the rate at which the particle 
may change its velocity is lower (it has an "inertia" that 
makes it follow its original path) even when better fitness 
values are known. Thus, high inertia weights favor 
exploration (global search).  

In this paper, an analysis of the impact of this inertia 
weight 0c , together with acceleration constants 1c  and 

2c  on the performance of PSO is given, followed by 
experiments that illustrate the analysis and provide some 
insights into optimal selection of the. inertia weight 0c , 

together with acceleration constants 1c  and 2c . 
The parameters of PSO includes: number of particles 

m, inertia weight 0c , acceleration constants 1c  and 2c , 
maximum velocity vmax,d. This paper discuss inertia 
weight 0c , acceleration constants 1c  and 2c . 

IV.  CONVERGENCE OF PSO 

A.  Convergence Analysis 
In ( Gao S, Yang J Y,2006;Gao S et al.2006) [14,15], 

the convergence of particle swarm algorithm is 
studied,and the condition for the convergence of particle 
swarm algorithm is given. 
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From equation (1) and (2), We can see that although  
and   are multi-dimensional variables, but they are 
independent each other. So we can simplify multi-
dimensional space into one dimension space. We suppose 
that the swarm’s global best position and the best position 
attained by particle self are unchanged, and they are 
denoted as bp  and bg .The equation（1）and（2）can 
be simplified as 

))((
))(()()1(

2

10

kxgc
kxpckvckv

b

b

−+
−+=+

                 (3) 

)1()()1( ++=+ kvkxkx                               (4) 
From equation（3）and（4）, we obtain 

))1((
))1(()1()2(

2

10

+−+
+−++=+

kxgc
kxpckvckv

b

b    (5) 

)2()1()2( +++=+ kvkxkx                     (6) 
The formula (4) and (5) are substituted into formula 

(6), we can get 

bb gcpckxc
kxccckx

210

210

)(
)1()1()2(

+=+
+−++−++

          (7) 

Equation (7) is a second order inhomogeneous 
difference equation. We can use characteristic equation 
method to solve this equation. 

The characteristic equation of Equation (7) is 
0)1( 0210

2 =+−++−+ cccc λλ               (8) 

(1) If 04)1( 0
2

210 =−−++−=∆ cccc , 

then 2/)1( 21021 −++−−=== cccλλλ . 
So 

kkAAkx λ)()( 10 +=  

Where 0A , 1A  are undetermined coefficients, and 

they are determined by )0(v and )0(x . Therefore, 
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(2) If 04)1( 0
2
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2
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=
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λ . So 

kk AAAkx 22110)( λλ ++= , 

Where 0A , 1A , 2A  are undetermined coefficients. 

It is assumed that 01 )0( Axb −= and 

)0()1(2 xcb −=  0210 )0( Agcpcvc bb −+++ , we 
can get 
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Where 0A , 1A , 2A  are undetermined coefficients. 
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The convergence condition is ： 11 <λ  and 

12 <λ . 

If 0=∆ , the convergence zone is 
01222 00

22
0 =+−−−+ cccccc  and 10 0 <≤ c  

,where 21 ccc += . 
If 0>∆ , the convergence zone is 

01222 00
22

0 >+−−−+ cccccc , 0>c  and 

022 0 >+− cc . 

If 0<∆ , the convergence zone is 
01222 00

22
0 <+−−−+ cccccc  and 10 <c . 

So the convergence zone is 10 <c , 0>c  and 

022 0 >+− cc  (shown in Figure 2). 

 
Figure 2 The convergence zone of particle swarm algorithm 
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B.  Numerical Simulation 
Numerical simulations are implemented for six 

different types. It is assumed that 2)0( =x , 1)0( =v , 

and 021 =+ bb gcpc . 

(1) If 0c =0.81 and c =3.61, then 0=∆ and 
kkkx )9.0)(9.22()( −+= . )(kx  is convergent. It is 

illustrated in Figure 3. 
(2) If 0c =4 and c =1, then 0=∆ and 

12)( += kkx . )(kx  is divergent. It is illustrated in 
Figure 4. 

 
Figure 3 Relationship between particle location and iterative times with 

0c =0.81 and c =3.61 

 
 
Figure 4 Relationship between particle location and iterative times with 

0c =4 and c =1 

(3) If 0c =0 and c =0.5, then 0>∆  and 
kkx −= 12)( . )(kx  is convergent. It is illustrated in 

Figure 5. 
(4) If 0c =0 and c =3, then 0>∆  and 

kkx )2(2)( −⋅= . )(kx  is divergent. It is illustrated in 
Figure 6. 

 
Figure 5 Relationship between particle location and iterative times with 

0c =0 and c =0.5 

 
Figure 6 Relationship between particle location and iterative times with 

0c =0 and c =3 

(5) If 0c =0.5 and c =0.5, then 0<∆  and 

)
4

sin
4

cos2(2)( 2 ππ kkkx
k

+=
−

. )(kx  is 

convergent. It is illustrated in Figure 7. 
(6) If 0c =2 and c =5, then 0<∆  and 

)
4
3sin2

4
3(cos2)( 2

1
ππ kkkx

k

−=
+

. )(kx  is 

divergent. It is illustrated in Figure 8. 
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Figure 7 Relationship between particle location and iterative times with 

0c =0.5 and c =0.5 

 
Figure 8 Relationship between particle location and iterative times with 

0c =2 and c =5 

V.  MULTIPLICATE PARTICLE SWARM 
OPTIMIZATION (MPSO) ALGORITHM 

The first particle swarms (Kennedy and Eberhart 
1995)[2] evolved out of bird-flocking simulations of a 
type described by (Reynolds 1987)[14] and (Heppner and 
Grenander 1990)[15]. In these models, the trajectory of 
each bird’s flight is modified by application of several 
rules, including some that take into account the birds that 
are nearby in physical space. So, early PSO topologies 
were based on proximity in the search space. However, 
besides being computationally intensive, this kind of 
communication structure had undesirable convergence 
properties. Therefore, this Euclidean neighborhood was 
soon abandoned. 

In fact, the real lives work not only specially but also 
cooperatively. In this paper, different particles are 
assigned specific tasks. The particles use five different 
hybrid flight rules in accordance with section probability. 

This algorithm can draw on each other ' s merits and raise 
the level together The method uses not only local 
information but also global information and combines the 
local search with the global search to improve its 
convergence. 

The first flight rule： 0c , 1c  and 2c  are not equal to 
0, and they are restricted in the convergence zone (Figure 
2).In this paper, we set 10 =c , 21 =c , 22 =c . 

The second flight rule： 00 =c , 1c  and 2c  are 
restricted in the convergence zone (fig 2). In this paper, 
we set 00 =c , 5.01 =c , 5.02 =c . 

The third flight rule ： 01 =c , 0c and 2c  are 
restricted in the convergence zone (fig 2). In this paper, 
we set 10 =c , 01 =c , 22 =c . 

The fourth flight rule： 02 =c , 0c  and 1c   are 
restricted in the convergence zone (fig 2). In this paper, 
we set 10 =c , 21 =c , 02 =c . 

The fifth flight rule： 0c , 1c  and 2c   are not 
restricted in the convergence zone (fig 2). The alternate 
will emanate, but the algorithm can escape the local 
minimum. In this paper, we set 20 =c , 21 =c , 22 =c . 

The five flight rules are incomplete, but they are 
feasible in somewhere. The particles use five different 
hybrid flight rules in accordance with section probability. 
The simplest selection scheme is roulette-wheel selection, 
also called stochastic sampling with replacement. As an 
example, consider 5 flight rules select values (0.6, 0.1, 
0.1, 0.1,0.1). The spin of the wheel results in a random 
number r ,  

If 6.00 ≤< r ,the first flight rule is chosen, 
else if 7.06.0 ≤< r , the second flight rule is 

chosen, 
else if 8.07.0 ≤< r , the third flight rule is chosen, 
else if 9.08.0 ≤< r , the fourth flight rule is 

chosen, 
else if 19.0 << r , the fifth flight rule is chosen. 

For comparison, five benchmark functions that are 
commonly used in the evolutionary computation 
literature are used. All functions have same minimum 
value, which are equal to zero.  

2
2

2
11 xxF += , 11 ≤≤− ix  

2
1

2
2

2
12 )1()(100 xxxF −+−= , 22 ≤≤− ix  

5.0
)](001.01[
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22

2
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2
1
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7.0cos4.03cos3.02 21
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2

2
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2

2
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We write down the alternate times, as the error 
between the minimum value and result is 0.00001. The 5 
flight rules select values are set 4 combinations. They are 
0.6:0.1:0.1:0.1:0.1, 0.4:0.2:0.2:0.1:0.1, 
0.3:0.2:0.2:0.2:0.1, and 0.2:0.2:0.2:0.2:0.2. 50 rounds of 

computer simulation are conducted for each algorithm, 
and the results are shown in Table 1. 

All the MPSO algorithms are proved effective. 
Especially the algorithm with selection probability （

0.3:0.2:0.2:0.2:0.1 ） is a simple and effective better 
algorithm than others. 

TABLE I.  COMPARISON OF ALGORITHMS 

Functions Algorithms Best Average Worst 

1F  

PSO 5 34.9 107 
MPSO （0.6：0.1：0.1：0.1：0.1） 4 16.5 30 
MPSO （0.4：0.2：0.2：0.1：0.1） 5 12.06 26 
MPSO （0.3：0.2：0.2：0.2：0.1） 4 10.88 18 
MPSO （0.2：0.2：0.2：0.2：0.2） 4 12.4 28 

2F  

PSO 9 129.6 417 
MPSO （0.6：0.1：0.1：0.1：0.1） 14 36.68 97 
MPSO （0.4：0.2：0.2：0.1：0.1） 12 21.64 41 
MPSO （0.3：0.2：0.2：0.2：0.1） 13 21.74 37 
MPSO （0.2：0.2：0.2：0.2：0.2） 13 26.08 38 

3F  

PSO 5 30.9 84 
MPSO （0.6：0.1：0.1：0.1：0.1） 2 14.5 34 
MPSO （0.4：0.2：0.2：0.1：0.1） 4 12.54 21 
MPSO （0.3：0.2：0.2：0.2：0.1） 3 11.36 19 
MPSO （0.2：0.2：0.2：0.2：0.2） 5 12.76 24 

4F  

PSO 7 85.76 272 
MPSO （0.6：0.1：0.1：0.1：0.1） 11 28.36 72 
MPSO （0.4：0.2：0.2：0.1：0.1） 8 17.16 31 
MPSO （0.3：0.2：0.2：0.2：0.1） 6 17.88 26 
MPSO （0.2：0.2：0.2：0.2：0.2） 10 18.52 37 

5F  

PSO 4 33.6 96 
MPSO （0.6：0.1：0.1：0.1：0.1） 3 15.5 27 
MPSO （0.4：0.2：0.2：0.1：0.1） 4 11.52 24 
MPSO （0.3：0.2：0.2：0.2：0.1） 3 10.23 16 
MPSO （0.2：0.2：0.2：0.2：0.2） 3 11.4 26 

 

VI CONCLUSIONS 
Base on the idea of specialization and cooperation of 

particle swarm optimization algorithm, a multiplicate 
particle swarm optimization algorithm is proposed. The 
efficiency of the new algorithm is verified by the 
simulation results of five classical test functions and the 
comparison with other algorithms. Future work will also 
address additional issues related to the use of PSO in 
high-dimensional spaces, including the selection of 
swarm size, the parameters of PSO. Even though good 
experimental results have been obtained in this paper, 
only a small benchmark problem has been tested. The 
selection probability may be problem-dependent. To fully 
justify the benefits of selection probability as described in 
this paper, more problems need to be tested. By doing so, 
a clearer understanding of PSO performance will be 
obtained. 
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