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Abstract—The FFT filter bank-based summation CFAR
detector is widely used for the detection of narrowband
signals embedded in wideband noise. The simulation and
implementation of this detector involves some problems con-
cerning the reliable computation of the normalized detection
threshold for a given probability of false alarm. This paper
presents a comprehensive theoretical treatment of major
aspects of the numerical computation of the normalized
detection threshold for an AWGN channel model. Equations
are derived for the probability of false alarm, P;,, for
both non-overlapped and overlapped input data and then
used to compute theoretical upper and lower bounds for
the detection threshold 7. A very useful transformation is
introduced that guarantees the global quadratic convergence
of the Newton-Ralphson algorithm in the computation of T’
for overlapped data with an overlap ratio not exceeding
50%. It is shown that if the product of the number of FFT
bins assigned to a channel for signal power estimation and
the number of input data blocks is relatively small, e.g.,
less than 60, the theoretical normalized detection threshold
can be accurately computed without numerical problems.
To handle other cases, good approximations are derived.

Index Terms—Digital FFT filter bank, Detection and
estimation, Constant false alarm rate (CFAR) detection.

I. INTRODUCTION

The FFT filter bank-based summation CFAR detector
is an efficient technique for the detection of narrowband
signals embedded in wideband noise and has important
applications in civilian spectrum monitoring, electronic
warfare, radio astronomy and instrumentation [1]-[7].
This detector operates by adding estimates of spectral
power of FFT bins in channels, each of which corresponds
to a group of one or more contiguous FFT bins, and
comparing the sum of the channel power estimates over
multiple input data blocks against a detection threshold,
T. In its general form, this detector has been the subject
of many recent studies [7]-[14]. In particular, closed-form
algebraic formulas for computing the probability of false
alarm, Py, as a function of T" have been derived [5], [7],
[13]. These results can be used to compute the normalized
detection threshold (to be defined later) using numerical
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procedures such as the Newton-Ralphson algorithm. As
practical implementations of these numerical procedures
require good lower and upper bounds of 7' for reliable
initialization, several theoretical lower and upper bounds
for T for a given P, have also been obtained [8].
However, a self-contained comprehensive treatment of
the FFT filter bank-based summation CFAR detector has
not appeared in the literature and details of relevant
mathematical derivations have not been published.

This paper presents a comprehensive theoretical treat-
ment of major aspects of the numerical computation of
the normalized detection threshold for an AWGN channel
model. Formulas for computing Py, as a function of T
are derived from first principles. Several theoretical lower
and upper bounds for T are derived and a very useful
transformation is introduced that guarantees the global
quadratic convergence of the Newton-Ralphson algorithm
in the computation of the normalized detection threshold
for overlapped data. Finally, accurate approximations for
T are presented. The results presented in this paper are
very useful for the simulation and implementation of the
FFT filter bank-based summation CFAR detector.

This paper is organized as follows. Section II introduces
the FFT filter bank-based summation CFAR detector.
Section III derives the formulas for computing Py, for
a given 1" for overlapped and non-overlapped signal data.
Section IV proves several lower and upper bounds of T'
for overlapped and non-overlapped input data. Section V
introduces a very useful transformation that guarantees
the global quadratic convergence of the Newton-Ralphson
algorithm while Section VI derives two approximations
for T'. Finally Section VII presents concluding remarks.
Throughout this paper, typical numerical examples are
given to illustrate the results.

II. THE FFT FILTER BANK-BASED SUMMATION
CFAR DETECTOR
Consider a uniformly sampled band-limited signal em-
bedded in additive white Gaussian noise. Assume that M
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channels are uniformly distributed across the frequency
range contained within the Nyquist bandwidth and that
K FFT bins are assigned to each channel with the
N FFT bins (N < K) centered within each channel
used to estimate the power contained within the channel.
Consequently, an FFT of length M K is used to compute
the power levels for the M channels. For notational
convenience and without loss of generality, assume K —N
is an even integer. Let w = [wpg, -+, wyKr_1)t be a
symmetric window of length M K, where the superscript
t denotes matrix transposition. Let L > 1 be a positive
integer and consider L consecutive overlapping sample
vectors, R;, constructed as follows:

s Ti—ymi]s (D

where 0 <1 < L-1,0 <~ < 1/2, r, is the n-th
sample of the input data stream and yM K is an integer.
In practice, the overlap ratio, vy, is often selected to be
either 0 or 1/2. These two cases correspond to zero
and 50% overlap, respectively. For each [, the two input
vectors, R; and R, have yM K samples in common.
The vectors, Ry, are windowed by w, resulting in the
windowed sample vectors:

R; = [rii—y)MK+ME -1, “

_ t
X = ['LUOTl(lfﬁy)JV[K+MK71a I wMK—lrl(ky)MK] .

The vectors, X;, are then transformed by the inverse
discrete Fourier transform matrix F' of dimensions M K x
MK to yield the FFT filter bank output sample vectors:

t
Y, =FX; = [s10, 511, -+, s,mr-1]",
where
F= 2)
1 1 . 1
27jl 2wj(MK—1)1
1 e MK e e~ MK
27 j(MK—1) 27 j (MK —1)(MK—1)
1 e ™K —mrk
From each vector, Yy, a vector z; = [21,0, -, 2,m-1]"

of length M is formed by summing the power from the
N FFT bins centered within each channel:
N-1

2k = Z 1.1, +m %

m=0

0<I<L-1,0<k<M-1, (3

i.e., the power estimates from the N FFT bins with indices
I, I + 1, -+, Iy + (N — 1) are summed to form the
power estimate for the k-th channel for the data block
R; where [}, = kK + & gN . The detection criterion is
defined as follows: if for a given detection threshold, 7T,

ZZL;Ol 21, > T, a signal is declared to exist in the k-
th channel. The choice of T' is dependent on the desired
probability of false alarm, Py,, the noise spectral density,
and the implementation details of the detector.

For brevity, the FFT filter bank-based L-block sum-
mation CFAR detector shall be referred to as the L-

block summation CFAR detector or the summation CFAR
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detector or simply the summation detector if there is no
risk of confusion. A block diagram is given in Figure 1
for the special case where N and K are equal.

Input data blocks ’ Detection threshold ‘

| [ ] L stage delay
; Vv
|
. |
v Channel 1
— detection
| [ decision
FFT L | el ] L stage delay
; id
1
) v Channel 2
—> detection
i decision

Fig. 1. Block diagram for the L-block summation CFAR detector.

III. THE PROBABILITY OF FALSE ALARM FOR THE
SUMMATION CFAR DETECTOR

Assume the input data stream 7, is a zero-mean
complex-valued white Gaussian noise sequence with
E(rpry) = 0%8yq, where 0 > 0 is the noise variance
(noise floor), 0, =1 if p = q and 0,4 = 0 if p # ¢. For
a given threshold, T, the probability of false alarm, Py,
for the k-th channel of the L-block summation CFAR

detector is then given by:

L-1
Pfo = Pr{z 2 > T} : (4
=0

The following three theorems provide the mathematical
foundation for computing the threshold T for a given Py,.

Theorem 1. Assume L > 2 and 0 < v < 1/2. For a
given T' > 0, Py, is given by:

% )\LN*l T
Pra = l C LB
=1 H ()\l - )\m)

1<m<LNm#l

where A\, 1 < I < LN, are the LN distinct positive
eigenvalues of the L x L block matrix H:

A B 0 --- 0 0
B A B o0 0
H
p- |0 P4 B0 ©®
0 ... 0 BY A B
0 ... 0 .- BH A
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In (6), H is of dimensions LN x LN, 0 is the N x N
zero matrix and A and B are N x N matrices defined
respectively by:

Ti1 Ti12 o Tig ot TIN
A= | 11 ™ qu TpN ) )
TN1 TN2 ;—;\/:q TNN
Tpq = Nmil wl2 exp 72717']1\(;[(— 9) , ®)
=0
Y11 Y12 0 Y1 " VIN
B=1| % Y% Y% o %N |, O
YN1 YN2 ' 7YNg YNN
Ypg = e~ 2L Ura=1) o
MEK-1 .
Y Z WIW 4 (1—~) MK €XD % (10)

=0

Theorem 2. Assume L > 1, N > 1 and v = 0. For a
given T' > 0, Py, is given by:

b N L p—1 (UZE,,L)S o
fa= D > Amp Y~ eT P (1)

s!
m=1p=1 s=0

where the coefficients Ap,p, 1 <m <N, 1<p <L, are
defined by:

L

N-1
Hm
AmL - ’

H (ﬂm - Nl)

1<I<N,l#m

Amp = AmLX

> (12)

kit tkm_1+tkmy1+-+kn=L—p
Fm(kh Ty kmflv km+1a ) kN)a

Lo(krs e km—t, kms1, oo k) =

I (L+k11)!{ " r
0]

(L —1)! _
1§1§N,l;£m(kl)'(L 1)! Hm

Note that k4, 1 < ¢ < N, are non-negative integers and
tg, 1 < g < N, are the N distinct positive eigenvalues
of the Hermitian matrix A defined by (7).

Theorem 3. Let L > 1, N =1 and v = 0. For a given
T >0, Py, is given by:

v G, s
Po=) e, (13)
s=0 :
where
MK-1
A=0 > wi. (14)
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The proofs of these theorems are relatively lengthy and
will be given in the appendix.

In practical systems, the noise floor, o2, needs to be
estimated from the output samples of the FFT filter bank.
For a given Py, the detection threshold T' is obtained by
multiplying the estimated noise floor o2 by T'/o?, which
is computed using one of the equations (5), (11) or (13).
In the analysis of the summation CFAR detector, it is
found that it is more appropriate to focus on the quantity,
T/(LNo?), which will be called the normalized detection
threshold in this paper. This can be loosely interpreted as
the detection threshold for one FFT bin computed from a
single data block.

IV. LOWER AND UPPER BOUNDS FOR THE
DETECTION THRESHOLD T

In practice, the computation of 7'/c? involves the
numerical solution of one of equations (5), (11) or (13)
using numerical procedures such as the Newton-Ralphson
algorithm. To avoid potential numerical problems and
ensure fast convergence, a good lower or upper bound for
T is required to initialize the numerical procedures. This
section presents theoretical lower and upper bounds for
T. The cases for overlapped and non-overlapped signal
data are treated separately, with full proofs provided in
the appendix.

A. Overlapped Input Data

Theorem 4. Assume L > 2, 0 < v < 1/2, and let A\; >
Ao > -+ > Apn be the LN distinct positive eigenvalues
of the LN x LN Hermitian matrix H defined by (6).
For a given threshold T' > 0, let the probability of false
alarm be denoted by Pf,. Let T1(Pfq) = —M1021In Py,
and denote the solution of the following equation in x by
CTn(}Dfa):

n An—1

P @ — m 702(2”” ,
EP Ve | YR

1<i<n,l#m
2 <n < LN. (15)

Then

T1(Pfo) < To(Pfa) < -+ < Ti(Pfa)
<T41(Pra) < -+ <Tpn(Pra) =T.  (16)

For any positive integer n > 1, let the unique solution of
the following equation in z be denoted by B,,(Py,):

22 21
- (””2;*"'*@-1)!) = Ppo. (17
Then for 0 < Py, < 2/e,
Burr) < e[ 2] oy
and for 0 < Py, < 1,
T < Mo*Brn(Pra). (19)
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B. Non-Overlapped Input Data

Theorem 5. Assume L > 1, N > 2, v =0 and let pq >
e > -+ > un be the N distinct positive eigenvalues of
the Hermitian matrix A defined by (7). We have

110°BL(Pra) < T < p10°Brn (Pra). (20)

Moreover, if 77 and 75 are respectively the solutions of
the equations (21) and (22) in z:

N _
'u% ' e Uzt'm.
ooy ngzgzv,l;ém(ﬂm — )
1
= (Pra) T, 21
N N—
Han ' e ‘72Tl'm,

m=1 HlSlSN,l;ém(Mm - MZ)

=1—(1—P,)7, (22)

then
LTy <T < LTy, (23)

with
Ty < By (1 —(1- Pfa)%) . (24)

V. NUMERICAL COMPUTATION OF THE NORMALIZED
DETECTION THRESHOLD FOR THE SUMMATION CFAR
DETECTOR

Using (5), (11) and (13) and in conjuction with the
lower and upper bounds derived in the previous section,
the normalized detection threshold 7'/(LNo?) can be
computed numerically. It has been observed that in gen-
eral, equation (5) is numerically more unstable and hence
more difficult to apply in practice than equation (11). To
avoid nurrTlerical problems with (5), the transformation

p = e<®1 has proved to be very useful. Define the
function g(p) by:

L

=

)\LN*I A
9(p) = : >,

1 H (/\l - )\m)

1<m<LN,m#l
0<p<l. (25)

~

Then the formula (5) can be rewritten as:
—T
g (e"QM) = Py,. (26)

The detection threshold 7' can be obtained by first solving
the equation g(p) = Py, for p and then using the
relationship 7" = A;0% In(1/p). It can be shown that g(p)
is concave on the interval (0, 1), as is demonstrated by
Figure 2. For comparison, Py, is plotted as a function
of T/o? using (5) in Figure 3. The concavity of g(p)
is a very desirable property to have in the numerical
computation of T/(LNo?); it guarantees the fast global
quadratic convergence of the Newton-Ralphson algorithm
provided that the functions g(p) and ¢’(p) can be reliably
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computed. The proof of the concavity of g(p) is rather
non-trivial and will be given in the appendix:

Theorem 6. The function g(p) is strictly increasing and
concave on the interval (0,1). Specifically, ¢’(p) > 0 and
g"(p) <0for0<p<1.

Blackman Window (N=L=5, MK=1024)
1 T T T T

0.8 L B 4

0.7r 1

0.6f 1

0.3 ]

0.2 B 4

0 0.002 0.004 0.006 0.008 0.01

Fig. 2. The probability of false alarm, Pfa, as a function of p =
e=T/(@* 1) N = L = 5, MK = 1024, v = 0.5, Blackman window.

Blackman Window (N=L=5, MK=1024)
1@ R T T T T

0.9F

0.8

0.7p

0.6f

041

0.3

0.2p

0.1p

0 0 0 . 0

Fig. 3. The probability of false alarm, Py, as a function of T/o?,
N =L =5, MK = 1024, v = 0.5, Blackman window.

For LN not too large, we have successfully computed
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the normalized detection threshold, T'/(LNo?), for the
L-block summation CFAR detector. Typical results are
plotted in Figures 4-5 for v = 0. Note that the windows
used to produce these results have been normalized in the
sense that Zfié{_l w? = 1. The results for v = 1/2 are

very similar, but are not shown due to space limitations.

2.8 T T T T
O Hanning
26k % Blackman
+  Blackman-Harris
0 Hamming
o 24 % Nuttall |
3 Flat-Top
< 22} Rectangular [
}_
kel
2 2t ]
%]
g
£
~ 1.8+ 4
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[0)
N
T 16l i
£ 1.6
2
141 1
1.2F 1
107 10° 10° 10" 10° 10°

PFA

Fig. 4. The normalized detection threshold, 7/(LNo?), as a function
of the probability of false alarm Pr,, N =5, MK = 1024, L = 18,
v = 0. The window functions are normalized.

VI. ACCURATE APPROXIMATIONS TO THE DETECTION
THRESHOLD

For very large LN, there are serious numerical diffi-
culties in computing the normalized detection threshold
T/(LNo?) using (5) or (11). In such cases accurate
approximations to 7'/(LNo?) are necessary. As will be
demonstrated in the appendix in the proofs of Theorems
1-3, the detection decision statistic, ZZL;Ol 2%, of the k-
th channel is distributed as a weighted sum of chi-square
random variables. More specifically,

LN 52
L-1 A SE(),  0<y <12,
> 2
_ N T m _
1=0 > ome1 TE X3 (M), v =0,
27)

where A\;, 1 < | < LN, are the LN distinct positive
eigenvalues of the Hermitian matrix H defined by (6) and
tm, 1 <m < N, are the N distinct positive eigenvalues
of the Hermitian matrix A defined by (7). As pointed
out in [15], one can approximate a weighted sum of
chi-square random variables by a random variable of the
form ¢ + dx3 where ¢ and d are constants and xj, is a
chi-square random variable with h degrees of freedom.
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Fig. 5. The normalized detection threshold, T/(LN&?), as a function
of the probability of false alarm Py,, with N = 8, MK = 1024,
L =10, v = 0. The window functions are normalized.

This implies that the normalized detection threshold,
T/(LNo?), can be approximately computed via a chi-
square distribution. Using this approach, the following
two theorems have been derived for normalized windows
. MK-1 9
(e, ) -y wj=1).

Theorem 7. Assume L > 2 and v = 0. For a given
Py,, T is approximately computed by:

T~
2
> et i Nop
0,2 LIN= ( - 1 3) +Bh(Pfa)ZrI\r;=l /U‘;n ,
Zmzl Hom, m=1FMm
3
N
(mezl Iu?n)
h= L | 28)

where f,, 1 < m < N, are the N distinct positive
eigenvalues of A defined by (7) and |x]| denotes the
greatest integer less than or equal to x.

Theorem 8. Assume L > 2 and 0 < v < 1/2. For a
given Pr,, T is approximately computed by:

2
LN
| (ZEN) Ay
T%O' LN_ LN 3 +Bh(Pfa) LN)\Q )
1=1"Y 1=1"Y

RRIeEE)
I

where A\, 1 < I < LN, are the LN distinct positive
eigenvalues of H defined by (6).

(29)
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The excellent accuracy of approximations (28) and
(29) is apparent in Figure 6. This figure shows the true
normalized detection thresholds for the cases of v = 0 and
~v = 1/2 and the corresponding approximate normalized
detection thresholds plotted as a function of Py, for a
typical example. In this figure’s legend, “NO” and “O”
denote non-overlapped (7 = 0) and overlapped (y = 1/2),
respectively. It follows that, the approximations (28 ) and
(29) can be used to avoid numerical problems in the direct
computation of the normalized detection threshold.

Blackman Window
14 T T : .
% True Threshold (NO)
W O True Threshold (O)
12f - +  Upper Bound: Eq.(19)
¥V Upper Bound: Eg. (23)
“‘% ol V % Lower Bound: Eg. (20)
=y Lower Bound: Eq. (23)
E i O Approximation: Eq. (28)
o 8 | ¢ Approximation: Eq. (29)
g
£
- 6f
[0}
N
£
5 41
z
2 L
0 -10 ‘ 8 ‘-6 ‘ 4 ‘ 2 0
10 10 10 10 10 10

Fig. 6. Upper and lower bounds and true and approximate normalized
detection thresholds as a function of the probability of false alarm Py,
N=L=5, MK =1024, v = 0 or v = 1/2, Blackman window.

VII. CONCLUSIONS

The problem of computing the normalized detection
threshold for the FFT filter bank-based summation CFAR
detector has been comprehensively treated. Formulas for
computing the probability of false alarm, Pp,, as a
function of the detection threshold, T', were derived from
first principles. In addition, accurate approximations for
T that avoid potential numerical problems are presented.
These results are very useful for the simulation and
implementation of the FFT filter bank-based summation
CFAR detector.
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APPENDIX

Proof of Theorems 1-3. Assume 0 < < 1/2 and let
Ik:k:K—F%.ForOSlSL—Lwehave

N-1 N-1
2
ak = D lsunrml? = ) sunm(sunem)”
m=0 m=0
= 71z 30
= ZiZy, (30)
7z [ t
1,k SU, Iy Sl,IL+15 ) Sl,lkJerl]
= F;WR,, 3

where in (31), R; is the [-th sample vector defined by (1),
W is the MK x MK diagonal matrix with its diagonal
elements defined by w:

wo 0 0
w=| " ™ "l @
O DY DR DR wMK—l

and Fy, is the N x M K matrix consisting of N rows of
the M K x M K inverse discrete Fourier transform matrix
F with row indices Iy, I, +1, - -, I,+m, - -+, [, + N —1:

Fi = (33)
1 alk . aME-=1)I}
1 alktm aME-1)(Ir+m)
1 olktN-1 qMK—=1)(Ix+N—-1)
where o = exp ]%4% Hence
L-1 L-1
Z 2k = Z Z,F,Ikzl,k == ZHZ, (34)

=0 =0

where Z is the length-LN zero mean Gaussian random
vector defined by:

t
Z= [Zé,k» Zﬁ,kv Tty ZtL—l,k} . (35)

From the identity (4a) of [16], the characteristic function
of the quadratic form ZlL:_Ol 21 = ZM7Z, denoted by
@(t), can be shown to be given by:

1
~ det [I—jtE (ZZH)|’

B(t) (36)

where I denotes the identity matrix of dimensions LN X
LN. We shall derive the equations (5), (11) and (13)
using the characteristic function ¢(t). First, it is necessary
to compute the Hermitian matrix E (ZZ'") explicitly. In
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fact, I/ (ZZH) is given by:

H
Zo i Zo 1
Z Zy
. . ..
E(2Z2")=E Z,\ Z, —
Zi 1% Zi 1k

E (Zox2,) E(Zop2f, )

E (Zp,kzgk> E (Zp,kzg—l,k)

E (ZL—I,ngk) E (ZL—I,kaka)

37
Forany l, m, 0<I<m<L-1,
E(Z1xZ )
—E ((FkWRl) (FkWRm)H)
= E (F,WRRIWHF})
=F,WE (RR) WF/, (38)
where it can be verified that
E(RRI) =0"x (39)
¥ o 0j—m 0j—MK+1
0J4n—1 0J4n—1—m 0j—MK+n | »
Oj4MK—1 OJ4MK—1—m - 07

with J = (m —1)(1 —y)MK.

Here in (39), 6, = 0, if ¢ # 0 and §, = 1 if ¢ = 0.
It is clear that the matrix E (R,;R) is shift invariant in
the sense that it depends only on the value of m —[. Let

A, = E (ZiiZy, ;) (40)
=F,WE (RR)) WF//,
p=m-—1, m>I.

The covariance matrix E (ZZ*) can then be put in the
following block Toeplitz form:

E(2Z") = (41)
[ A A A, AL o Apq ]
AP A A Ay - A,
A AT Ay A A _s
Al - AT A AL A
A, o A AT A A

| A7 A, o AT A Ay

Ifm—1> 2, then [(m—1)(1—y)MK| >2(1-y)MK >
2(1-1/2)MK = MK and hence entries in E (R;R})
are all equal to zero. Thus A, = 0if p > 2 and H =
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E (ZZH ) simplifies to the following tridiagonal L x L
block matrix:

E(zz") = (42)
Ay Ay 0 -~ 0 0
Al Ay AL 0 -0
0 - 0 Aff A, A
0 ... 0 .. A{I Ay

where Ay = E/\gzo,kzg{k) and A, =F (Zo,szk> are
of dimensions N X V.
We now consider the two separate cases 7 = 0 and
0<~vy<1/2
1) v =0.In this case, A; =0 and F (ZZH) becomes
the following diagonal L x L block matrix

E(zz") = (43)
Ay 0 0 - 0 O
0 Ap 0 O 0
0 0 0 Ay 0
0 0 0 A

where
Ay =E (ZorZ{})
=F,WE (RoR{') WF/
= o’F,W2FH, (44)

With [ = kK + 555, J = MK and o =
exp %, we obtain:

Ay = ’F W2 F =52 x

wg wialk Wiy MEDL
wg  wialkt!

2 20 ktN-1
wy  wyak
1 1

X Oéil]k ail(1k+N71)

(MK -1)I (MK =1)(Ix+N-1)

T11 T2 Tlq TIN
L
=0 Tpl Tp2 Tpq TpN
TN1 TN2 TNq TNN
=o2A, (45)
where, for 1 <p < g < N,
MK—1
2 l(p—
Tog = Z wia (p—q)
1=0
MK-1 .
2mjl(p —q
- 3 wten Y
1=0

and A is defined by (7).
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2) 0 < <1/2. In this case Ag is computed by (45)
and it remains to compute A;. In fact,

E (RoRY) = (47)

o2 O MK x(1—y) MK L vk xymi
Oy MEx(1-—y)MK O@1—y)MKxyMK

)

where 0,3k x(1-y)MEKs O —y)MEx(1—y) MK and
01—y MKxyMK are zero matrices of dimensions
YMEK x(1—y)MK, (1—y)MK x(1—~)MK and
(1—v)MK xyMK respectively and I, as g xym K
is the identity matrix of dimensions YM K xyM K.

Let
wWo 0 e 0
wo=| Do D e
0 0 Wy MK -1
L R P
0 0 W(—y)MK—1
W; = (50)
WyM K 0 R 0 0
O w,YMKH 0 e O
0 0 o 0wy
Wy = (5D
W1y MK 0 e 0
0 WA—y)MK+1 " 0
0 0 WMEK-1
We obtain
Ay =E (ZorZ1}) (52)
=F,WE (RoR{") WF{
= O'QF]C |: (\)V1 0“’3 :| X
[ 0, MK x(1—7) MK Livxxymr ]
O0n-yMrx(1-yME 01—y MExyMK
W, 0 H
AL
= O'QFk X
[ O mrx(i-yymr  Wi1Wy ]
O-yMEx(1-yME O(—y)MExyMK
xFH.
Let a = exp(%), J=(1—-—~)MK and set
F) = (53)
1 alk a(YME-1)I}

1 alstr—1 QMK =1)(I+p—1)
1 aolstN-1 q(YME=1)(I+N—-1)
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and
F; = (54)
aJIk a(MK—l)Ik
-O;J.(Ik.-&-p—l) ;);(.AIK—l)(Ik+p—1)
WUIAN-D) . o (ME-1) (4 N-1)

Then A; can be further simplified to yield:

A, = E(ZoxZ7}) (55)
0 W, W
— asz{O 10 4}1?,?
— 2 F) W, W, (FL)"
= ¢2C,
where
Cc=F) wW,w, (F})" (56)
Yir Y12 0 Yig YIN
= Yp1 Yp2  Tpg N (\Y 3
IYN1 YN2 - YNgq YNN
with
YMK-1
Tpg = Z al(lk+1’*1)x (57)
=0

wlwl+(177)MKa—(H‘(l—’Y)MK)(Ik-i-q—l)

_ e—27‘rj(1—’y)(1k+q—1) %
YMK-1

E WWi4-(1—~)M K €XP
1=0

2mjl(p — q)
MK

Summarizing the preceding calculations, we see that
E (ZZH) = 02H where H is defined by (6) with B = 0
if y=0.

Theorems 1-3 can now be proved using the following

identity:
1 +oo +o0 e—2mits
— ————dt| d
2r Jr U_w (1 jirp } )
p—1 (

s§=

>

S!) e, (58)

[}

where T" > 0, A > 0 and p is a positive integer. This
identity can be proved using an elaborate but standard
contour integral argument from the theory of functions of
one complex variable. Details are omitted due to space
constraints.

We first prove Theorem 1. Assume 0 < v < 1/2.
Let the distinct positive eigenvalues of H defined by (6)
be arranged in decreasing order and denoted by A\; >
Ay > -+ > Ay > 0. From (36) it follows that the
characteristic function ¢(t) of Zf;ol 21 = Z"Z is given
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by:
o(t) = 1 (59)
det |I — jtE (ZZ7)|
B 1 B 1
det[T—jto?H|  [TEN(1 - jto2n)
AV 1

B ; I -

1<m< LN m#l

Am) 1 — jto?)\,’

This implies that ZlL:_Ol 2% = ZH17 is distributed as the
following weighted sum of chi-square random variables:

L—-1 LN o2\,
; =27~ ; —60), (60)

where x3(1),1 < I < LN, are independent and identi-
cally distributed chi-square random variables, each of two
degrees of freedom, and ~ means having identical prob-
ability density functions. Note that here we used the fact
that the characteristic function of < )" X3(1) is given by
. Let p(x) denote the probablhty density function

1
1—jto2 )\ 1
of the detection decision statistic Zz;o 2Lk = 777, We
have

1

+oo
p(z) = 5 [ p(t)e 2™t 2 > 0, 61)

and for a given T > 0, Py, is then computed by:

L-1 400
Po = {Z Zi g > T} = / p(z)dz

1=0 T

+o0 1 o0 )
= / [2 / ¢(t)e2ﬂ“dt] dx
T T J-
LN LN-1
-3 A "
=1 H ()‘l - )‘M)

1<m<LN,m#l
6727rjtz

1 +oo +oo 1
1 / BN
21 S oo L —jta?)

LN )\ILNfl T
_l; I =)

1<m<LN,m#l

| as

; (62)

e o\

where the formula (58) with p = 1 was used. This
completes the proof of Theorem 1.

To prove Theorem 2, let the distinct positive eigenval-
ues of the positive definite Hermitian matrix A defined
by (7) be arranged in decreasing order and denoted by
w1 > po > --- > py. It follows from (36) that the
characteristic function ¢(t) of ZlL:_Ol 21k = Z7Z is given
by:

1
t =
o(t) det |T — jtE (ZZH)|
- 1
~ det |I — jto2H|
1

N .
[1,_1 (1= jtoum)*
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N L
Z: E:j T wQ ;o (63)
where Ap,p, 1 <m < N, 1 < p < L, are defined by
(12). The routine but tedious derivations of the fractional

decomposition of the rational function L
(1 jto? /"frn)L
are omitted due to space constralnts It then follows that

the detection decision statistic Zl —o 2,k 1s distributed
as the following weighted sum of chi-square random
variables:

Zzzk—z Z~Z”’”x§L m), (64

where XQL(m)J < m < N, are independent and
identically distributed chi-square random variables each
of 2L degrees of freedom. For a given T' > 0, Py, 1s
given by:

L—-1 +00
Pjo = {Z 21 > T} :/ p(x)dx (65)

1=0 T

_ / o {;ﬂ / o qb(t)e%jmdt} dx
T —o00

Mm)

N .
A +oo o0 —2mjtx

-y [ et

m=1p=1 27 T —o0 (1717&7 Nm)p

S

N L p—1 (QL) -

D D DY I QRCETVANE 7y
s!
m=1p=1 s=0

This completes the proof of Theorem 2.

It remains to prove Theorem 3. Since N = 1,
the covariance matrix E (ZZ") reduces to a L x L
dlagonal matrix with the diagonal elements all equal to

o? Zz o w?. It follows from (36) that the characteristic
function ¢(t) of leo 21 = ZM1Z is given by:

1
det |T— jtE (ZZH)]

= 1 . (66)

L
(1 — jto? Zl 0 wl)

This implies that ZZL:_Ol 21 = ZH7Z is distributed as a
weighted chi-square random variable:

o(t) =

L—-1 MK— 1
Z

Z 2k = ZHZ

=0

X2L7 (67)

where x3; is a chi-square random variable with 2L
degrees of freedom. For a given T' > 0, Py, is then

computed by:
—+oo
= / p(z)dx

L—1
= {Z 2Lk > T}
1=0 T
feery e 2t
_ - —2mjtx
/T |:27T /_OO o(t)e dt] dx

727rjta:

1 +oo +oo
= — dt| d
21 Jr [/oo (1 — jto? ZMK Lw?)L ] !
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T
L—1 2MK12> ———
-3 ( Zl:;' U PNl vt (68)
s=0
This completes the proof of Theorem 3.
Proof of Theorem 4. For x > 0, define the function

fn(x) by:

fulw) = Pr {Z EINTIE x} SENCY

=1

where n is an integer in the range 1 < n < LN. Since
chi-square random variables are non-negative (i.e., their
probability density functions are supported on the positive
real axis), we have:

w 0’2)\1 2
fni1(z) = Pr Z 5 xo(l) >

=1

> Pr {f: %x%(l) > w} = fa(z). (70)

=1

Also we have fi(z) = e 7 and

)\n—l o
fn(‘r) = Z o e o%Am,
m=1 H ()\m - >‘l)
1<i<n,l#m
2<n<LN. (71)

From the definition (15), we see that f,, (T, (Pfa)) = Psa,
1<n < LN.Since fr(z) < fry1(z), 1 <n < LN -1,
and since f,(z) are decreasing functions of x, we see
immediately that T, (Pro) < Tyq1(Pfa), 1 <n < LN —
1. Also T1(Pyq) = —02)\ In(Pyq) and Trn(Pro) = T.
This proves the chain of inequalities in (16).

We next prove the inequality (18). For each positive
integer n, define g, (x) as follows:

gn(x):e_w<1+x+j+“-+ij>. (72)
It can be verified that
gy = -1 73
and .
i) = T 74)

Clearly g, is a decreasing function on the interval (0, o),
since g, (x) < 0 for z > 0. g, is concave on (0,n)
and convex on (n,00) since g/'(z) < 0 on (0,n) and
gr(xz) > 0 on (n,00). It can be proved that g, (n) > 1/2
forall n > 1 and g,,(n) monotonically decreases to 1/2 as
n approaches infinity. Let the solution in z to the equation

no_1

. x
gn(x):e‘lg F:p, 0<p<l, (75)

=0

be denoted by p. We now derive an upper bound for p.
Define )., (x) as the natural logarithm of g, (z), that is,

nol
Yn(2) = In(gn(2)) = 2 + 1y ”li' (76)
=0
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The function 1, (x) can be shown to be concave on the
positive real line (0, 00). In fact,

z™

P () = — 2! -, (77)
(@) l+a+4+-+2

n!

and

2 [+ T2 (B - et

n!(1+x+§+-~-+w")2

n!

(78)

The above expression shows that ¢}/ (z) < 0 for all z €
(0, 0). Hence 9, (x) is concave on the positive real axis
(0,00) and is always below its tangent lines. Let zg = n.
The equation of the tangent line of the curve of ¢, (x) at
the point (zq, ¥y (xo)) is given by:

y = (x — 20)¥y,(x0) + Yn(z0). (79

As this tangent line is above the curve of ¥, (), it follows
that

(x = x0)ty, (20) + Yn(0) = Pn(x),
x € (0,00). (80)

Let pp be the solution in x to the equation

Inp = (z — x0)¢, (x0) + Yn(w0)- (81)

This linear equation in x is easily solved and pg is
obtained as:

np = ¥n(wo)

;L(xo)
Inp —t,(n)
= n+—. (82)

Pr(n)

We claim that pg is an upper bound for the solution u to
the equation (75). In fact, from (80) and (81), we see that
Inp > ¢n(po) = In(gn(io)). Hence p > gn(10). Since
gn(p) = p, we have gn (1) > gn(po). Hence p < po,
since g, (x) is a decreasing function of x. Thus pg is an
upper bound for .

We can simplify the expression (82). Assume 0 < p <
2/e. Since gn(n) is a monotone decreasing sequence,
gn(n) < g1(1) = 2/e and therefore 1, (n) < In(2/e).
It follows that

Ho = o+

Ho (83)
:n+lnp—lz/)n(n) <n lnp—/ln(Q/e)
¥y (n) Yr,(n)
n? n® n"
n! pe

This upper bound can be further simplified. Using the
following result for large n,

gn(n) = (84)

o 7’L2 Tl3 n"
e <1+n+2!—|-3!+---+n!>=1/2,
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the expression

2 3 n
L+n+% +5% 4+ 4% 85)

n
n!

can be shown to be bounded from above by 5™ 2”” . In
fact, using Stirling’s formula
n! = \/2mn (ﬁ) : (86)
e
we see that
1hn+ %+ 4+ 0
@
exp(n)
N ( 3 ) ~ nlexp(n)
- o 2
_V2mn (%)n exp(n)  v2mn 87
- 2nn T2

Substituting (87) into (83), we obtain the following upper
bound for p:

V2 P
p<n+ 2”"m<p@),o<p<2/e. (88)

The inequality (18) then follows directly from (88).
Finally we prove (19). Since

L—-1
P, = PI‘{Z 21k > T}
=0

LN o
A

S T30 >T}
2

g )\1

{2
ol
— e xamT}
>

2
L 1( ) —_— )

s=0

where X3,y is a chi-square random variable of 2LN
degrees of freedom, we have

LN— 1( 2/\1) e
Pra< ) (90)

s=0

This implies

< Bin(Pra), 91
oTa = LN (Pra) (C2))

which completes the proof of (19).
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Proof of Theorem 5. From (64) we see that
L—1
P, = Pr{z Zip > T}
N2 4
=P 2 >T
{z b 2. ) }
o’u
> ee{ TP, > 7
L1 (L) ;
=N~ A o 92)

s!
s=0

This implies that
T
—— > Br.(Pta
= £(Pra)
Similarly from (64) we also see that

L—-1
P, = Pr{z Zip > T}
l

or o’ Br(Pra) <T.  (93)

DD T (94)

where X3, v is a chi-square random variable with 2LN
degrees of freedom. This implies that

o2
Combining (93) and (95) yields (20).

It remains to prove (23). Rearrange the power levels
21k, 0 <1< L —1, in increasing order as follows:

< Brn(Pra) or T <o?uyBry(Pra).  (95)

1 <y2<ys<---<yr. (96)
Then we have
L—1
Lyy <> 2k < Lyr, 97)
=0

and it follows that

L-1
Pjo = Pr{z 2 > T} (98)

>Pr{Ly; >T}=Pr{y: >T/L}
:PI‘{Z“C >T/L, 1 SZSL—].}

L—-1
= [[ Prizr > T/L}
=0

N T L
fim -
el H1§ng,z¢m(Mm — )
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This implies

N N-1 T
Fom ¢ i < Pl/ L (99
—1 H1§I§N,z¢m(ﬂm — )
which in turn yields
T
I >Ty, or LT <T. (100)
Similarly, we have
L—1
Py = Pr{z g > T} (101)
1=0
<Pr{Lly, >T}=Pr{yL >T/L}
=1-Pr{y, <T/L}
=1—Pr{z,<T/L,1<I<L-1}
L—1
=1- H Pr{zlyk § T/L}
=0
L—1
=1- ]t =Pr{z>T/L}]
1=0
L
N
_ fio " -
= 1 — 1 — e 97Hm
1 nglgN,l;ém(Nm — )
This implies
N T
3 i e
m—1 H1<1<Nl¢m(ﬂm — i)
>1-(1-Pp)/*, (102)
which in turn yields
I <T,, or T <LTs. (103)

Combining (100) and (103) yields the inequalities of
(23). The inequality (24) is obtained by using (102) and
applying the argument in the proof of (19) in Theorem
4. The proof of Theorem 5 is thus completed.

To prove Theorem 6, we need to prove two lemmas.

Lemma 1. Let n > 2. Assume 0 < a1 < g < - <
oy, 1s an increasing sequence of positive real numbers and
define the sequence (; by setting:

an 1
B, = L , 1<l <n. (104)
H (al - am)
1<m<n,m#l
Then
Z;Lzl gl = 1;
nﬁ Br _ 0’
Pt =% (105)
Zl 1 an —= = 0.

Proof of Lemma 1. Let 1 < m < n—1 be an integer and
define the polynomial P, by P,,(«) = ™. According to
Lagrange’s Interpolation Theorem, the following identity
holds for all a € (—o0, +00):

Z p, Hk;&z (O‘k )

Hk#l( ai) :Pm(a)a

(106)
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or

Hk;éz( Oé) — M
Hk;éz( —a) ' (aon

This identlty can be rewritten as

Z(_l)nﬂ% [T —a)=am

i=1 i ki

(108)

If m =n — 1, (108) can be rewritten as

bt

nfl
i=1

(109)

Letting o go to infinity yields the identity

i(_l)nflﬁi lim 7Hk#<ak —9 =1.

e a—+o0o an—1
i=1

But

(110)

Hk;éi(ak )

1 = (71)n71'

lim
a——+oo am

(111)

Substituting this result into (110) yields:

Zﬂi =1
i1

This proves the first identity in (105). To prove the
remaining identities in (105), assume 1 < m < n —1
and let a = 0 in (108). We then obtain the identity

Z a~ 1 mHak—O

7' k#i
Dividing both sides of (113) by [[,_, ax yields

(112)

(113)

(114)
This proves the rest of the identities in (105).

Lemma 2. [etn > 2, 0<p<landlet0 < o <
ay < -+ < ap—1 < an be an increasing sequence of
positive real numbers. Define

C(p7a17a2a e O[n)

-2 i,

(115)
D(p7a1aa27 t 7a’n)
_Zz . (xn (xn,/oziﬁi7
where (; are defined by (104). Then
C(pa Qp, g, -, an) < Oa
{ D(p7a13a27"'7an)>0' (116)

Proof of Lemma 2. We prove this lemma by mathemat-
ical induction. First consider the case n = 2. We have

C(p,ar,az) = (117)

(07 (07 5/
2] s
(651 (6751

- [a?] [‘12 - 1} paa/o { a1 } <0,
aq (651 Q] — Q2
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since ag > a1 and p € (0,1). On the other hand,

D(}_?,al,a2)
= 042} [Paz/al} B+ [32} {P”/az} B2

| (1 2

_[e2 ai asjor | Q2
_041:| |:Oz1—OzQ:|p a1 — (9 p

— 0‘2} [p‘”/al —p] >0, (118)

| i1 — Qi

again using the fact that as > «y and p € (0,1). This
proves Lemma 2 for the case n = 2. Next assume
Lemma 2 holds for positive integer n — 1. We show that
Lemma 2 must also hold for the integer n. To do this, we
reformulate the expression C(p, aq, - -+, «y) as follows:

C(p7a17a27"'7an) (]]9)
n—1
= Z {an:| {O‘n _ 1:| pa"/mﬂi
=1 Qi Qi
1 —
- SRR i
P (673 (673 H;ng(az’ - Oék)
= —a - i a?72 /g
- n
o Qi ngkgnfl,k;ﬁi(ai — ag)
Qo nz_:l Qp_q ( an/a Qn_1/a; 5
_ penen) .
Qn—1 = ‘
where
n—2
B = = (120)
ngkgnfl,k;éi(ai — ag)
Hence
C(p,OéhOZQ,"',Oén) = (121)
o _an
- = D(pQ"717a1,a2a"'7an71)~
Qp—1
Since D(p, a1, a9, -+, an—1) > 0, we have
C(p,Oél,Oég,"',Oén) = (122)
(67 —%n
- - D(pan713a1>a27"'7anfl)<0~
Op—1
To prove D(p, a1, aa, -+, ap) > 0, let
n
E(pon, a2, an) = 3 p™/*f;. (123)
i=1
It can be verified that
%(pvala Qg, - ,Oén)
= 71D .
621; (pvaho@v 7an)7 (]24)
W(l’%al; Qg, - 7an)
= p72c(p7 a1, Q2,- -, an)'
Since C(p, a1, aa, -+, ap) < 0, it follows that
0°E
an(pvala Qg, - ,an)
=p 2C(p, o1, a2, -, a) < 0. (125)
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Hence, %—’;(p,al,ag,--~,an), viewed as a function of
p, is strictly decreasing on the interval [0, 1]. Using the

identity, Z?:l fi— = 0, proved in Lemma 1, we see that

OF
Fp(p,al,a% T 70571)|P:1

= (p_lD(p7 Qp, Q2,0 an))

p=1
:D(15a17a2> "aan)
— 0
= ay, — =0 126
a ;ai (126)
It follows that for all 0 < p < 1,
a—E( a1, Q)
ap b, a1, Qg, s L
ok
> <ap (p,O{l,OéQ,"‘7Oln)> |p:1 = 07 (127)

and consequently

D(p,()él,CYQ,‘ o ,Oén)
oF
=p (ap(paalaon o ,Oén)) >0. (128)
By the principle of mathematical induction, Lemma 2
must hold for all integers n > 2.

Proof of Theorem 6. Applying Lemma 2 to the
increasing sequence ALy < Apy—1 < -+ < Ay < A1, we
see immediately that ¢’(p) > 0 and ¢"/(p) for 0 < p < 1.

Proof of Theorem 7. Since (c.f. (27))

L—-1 N 2

O " Um o
§ Rk ™ E 2 X2L(m)a
=0 m=1

we see from Eq. (4.1) of [15] that

L—1
Pfa = PT{Z 2Lk > T}

=0

N
= Pr{z tmXar (m) > 2T/02}

~Pr{xy >y}, (129)

where i/ = ¢§/c}, y = (2T/0? — 1) (h’/02)1/2+h' and

2L N | pum = 2LN,

C1

e = 2L, 12, (130)
N

3 = 2L Zm:l /’llfn

Here we used the fact that 22:1 tm = N, which follows
from the assumption that the window is normalized. We
have

(22:1 N?n)g

(Zhim)
(131)

W <2L§:z_1u3n)3:2L

2
(230 3)
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and
(' /e2)"?
OO
(Zizl ”%’)2

N 2
_ Zm:l :u’m

_ - . (132)
2L Zrl\ri,:l Iu?n, fo:1 :u%v
It follows that
y=(2T/0® — c1) (W Jex)' /> + 1 (133)
N 2 (ZN 2 )3
_ (2T/o — 2LN) 2=l My o=/
metFn (SN )

Consequently
Pfa ~ PT{X%L/ > y} ~ Pr{X%h > y}
~Pr{x3,/2>y/2}
z

. 2’2 h—1
e (142454 4+ —

9 (n_1)!>’ (134)

()’
Lﬁ
(o)

z=y/2 = Bu(Pfa),

where z = y/2 and h = . Hence

or

3
N 2 (ZT]:’/L::[ /Lgn>

(T/o* - LN) 233:1 Hm o p, 5
2 =1 Him (ZN 3 )

m=1 H
~ Bp(Pya). (135)

The approximation (28) then follows immediately from
(135).

The proof of Theorem 8, as it is almost identical to
that of Theorem 7, is omitted here.
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