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Abstract: The R-calculus is a Gentzen-type deduction system to deduce a consistent theory © from a
theory I' to be revised and a theory A to revise. Because the semi-decidability of the deduction in the
first-order logic, the R-calculus is semi-decidable. By using the limit lemma and finite injury priority method
in recursion theory, we shall recursively construct a sequence {0,:s € w} of formula sets such that the
limit of {O4:s € w} exists, say ©;A|l' = O is provable in the R-calculus, and each formula ¢ in T is
enumerated in or extracted from © only finitely often, where @ is a maximal consistent set of ' by A.
Moreover, a Gentzen-type deduction is constructed to deduce the sequence {Og:s € w} by the deduction
rules in which the deduction is recursive (decidable, computable).

Key words: Belief revision, R-calculus, finite injury priority method, simple set, recursively enumerable
sets.

1. Introduction

The AGM postulates [1]-[3] are an axiomatized approach for the revision K o ¢p of a theory K by a
formula ¢; and the DP postulates [4] are for the iterated revision (--- (Ko ¢;)o:) o ¢p,, where ¢ is a
formula and K is a theory in the propositional logic.

The R-calculus [5] gave a Gentzen-type deduction system to deduce a consistent one I UA from an
inconsistent theory I'U A of the first-order logic, where I’ U A should be a maximal consistent sub-theory
of ' UA; A|T is an R-configuration, I' is a consistent set of formulas, and A is a consistent set of atomic
formulas or the negation of atomic formulas. It was proved that if A|l' = A|I" is deducible and A|T” is an
R-termination, i.e., there is no R-rule to reduce A|I" to another R-configuration AT, then AUT’ is a
contraction of I' by A.

The finite injury priority method was firstly given by Friedberg [6] and Muchnik [7], who solved the Post
problem independently. To construct a recursively enumerable set, the conditions that the set should
satisfy are represented by an infinite set of requirements which are decomposed into the positive ones
(putting elements in the set) and the negative ones (restraining elements from entering the set). The
requirements are ordered by a priority ranking, so that the satisfaction of a requirement may injure the
satisfaction of requirements with lower priority and cannot injure the satisfaction of requirements with
higher priority [8].

There are correspondences between the R-calculus and the finite injury priority method:
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e InR-calculus, A" should be consistent. Because the deduction in the first-order logic is semi-decidable,
whether A U {¢} is consistent can be approximated by a computable decision A ¢ ¢ (the deduction
with length less than s). In recursion theory, the set to be constructed must be recursively enumerable,
whether {e}4(x) converges can be approximated by a recursive computation {e}‘;s (x);

e In R-calculus, A|T is a union of a sequence {A;:i € w} of theories, where each A; is approximated by
A; 5. In recursion theory, the constructed set A is approximated by Ag, where Ag is the set of elements
entering A before stage s.

Let®be a theory such that A|l' = O is provable in the R-calculus. Then, it is proved in [9] that O is a
maximal consistent set of ' by A, ie, TUA20O2A, and for any & with O cEZECTUA Zis
inconsistent.

In terms of the finite injury priority method, we can recursively construct a sequence {0;:s € w} of
theories such that !i_r)g@s = 0 exists; A|I' = 0 is provable in R-calculus, and each formula ¢ in T is

enumerated in or extracted from © only finitely often.
Therefore, we have the following correspondence:

First-Order Logic R-Calculus
Semi-decidable process - AIl=>0
Decidable process Fs Al =, 0

The paper is organized as follows: the next section introduces the R-calculus; the third section gives a
construction with oracle for the R-calculus; the fourth section defines the approximation deduction in the
first-order logic; the fifth section gives a recursive construction for the R-calculus, and the last section
concludes the whole paper.

2. The R-Calculus

The logical language for the first-order logic contains the following symbols:
variables: xg, xq,...;
constants: ¢, Cy,...;
function symbols: f;, fi,..-;
predicate symbols: py, pq,---;
logical connectives: =, A, V,—
and quantifiers: V, 3. Terms are defines as

trr=clx|f (xq,.00 x0),

where f is an n-ary function symbol.

Formulas are defined as

¢ =p(ty,.., tp) PP A P2ld1 V Poldy = 2|V xp(x),

where p is an n-ary predicate symbol, and tq,...,t, areterms.

The R-calculus is defined on a first-order logical language. Let L be a logical language of the first-order
logic; ¢, formulasand I',A sets of formulas (theories).

Given two theories I' and A, let A|l' be an R-configuration.

The R-calculus S consists of the following rules:

¢ U A is consistent

con
S TP Wy
A
(Sﬂ) —_|p
Alp,T = A|T
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(SA) Alg, =2A|T
17 AlgiAg, I=AID

Ay AlPallga.I=4,[¢4]IT
(52) AlPp1 AP T=A[T

if AU{¢p,} isinconsistent

if AU{¢,} isconsistent

5 Alp, vV @y, T = AT

Alp(t), T = AT
AV x¢p(x), T = A|IT

s"

where tisaterm,and x isanew variable not occurringin A and T.

Definition 2.1. A|= 0 is provable, denoted by kgA|l=0 , if there is a sequence
{A1|T,..., ATy, ...} of configurations such that A;|'; = A|T,© = lim,,_x4,, and for each j,A;|T; is
deduced from the previous statements by the deduction rules in S.

Theorem 2.2(The soundness theorem[9]). Given a statement A|I'= 0, if A|l' = O is provable in the
R-calculus then © is a maximal consistent set of I' by A.

Theorem 2.3(The completeness theorem[9]). Given a statementA|l' = 0, if © is a consistent set of I by
A then there is an ordering < of T' suchthat A|l™ = © is provable in the R-calculus.

3. The Construction with Oracle

Fix two consistent theories A,T'. We shall construct a theory © , satisfying the following conditions:

(31) AcoOcTuUA

(3.2) A is a maximal consistent subset of I' by A.

Let T' = {¢g, ¢1,..-} and for each i,T'; = {¢y, ¢P1,..., P;}. We shall construct a sequence {0, 04,...} of
theories such that ©, = A; for each i,0;,; €ST;UA is a maximal consistent subset of I'; UA, and
0 = U; 0; satisfies the above two conditions.

The construction is in stages with oracle whether ©; U {¢;} is consistent.

It suffices to meet for each e the following requirements:

P,:0, U {¢,}consistent = ¢, € 0,,4;

N.:0, U {¢,} inconsistent = ¢, & 0,,,.
If {0;:i € w} is asequence satisfying all the requirements then © = U; 0; satisfies (2.1) and (2.2).
The construction:
Stage s=0. Define ©, = A, and foreach i = 0,0; = A.
Stage s+1.If O, U {¢s}is consistent thenlet B4, = O, U {¢s};
and if @4 U {¢,} isinconsistent thenlet O;,; = O;.
This ends the construction.
Lemma 3.1. For each e, 0., is consistent.
Proof. By induction on e. Assume that 0, is consistent. Then,
... = {@e U{p.} if0, U {¢p.}is consistent
et*1 ™ @, otherwise
is consistent.
Lemma 3.2. Foreach e, 0,,1 S AUT,.
Proof. By the construction.
Lemma 3.3. For each e, 0., isamaximal consistent setof I', by A.
Proof. By the construction,
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... = {@e U{p.} if0, U {¢p.}is consistent
et*1 ™ @, otherwise

By induction on e, if 0, is a maximal consistent subset of AUT,_; then ©,,; is a maximal consistent
subset of AUT,.

Therefore, we have that 0 is a maximal consistent set of ' by A.

By the soundness and completeness theorem of R-calculus, we have that © is a maximal consistent set
ofl' by A, and hence, A|l" = O is provable in the R-calculus [9].

Also, we can give a deduction form of the construction.

Let T;s be the formulas in T; = {¢y, ..., $;—1} which are not deleted at the end of stage s and for each
J<i, ¢j €Ty iff ATis ¥ ¢j,and Tiiper1 = {Bive, Piszr--- )

At stage s + 1, we consider ¢.

The Gentzen-typed deduction system S2PP consists of the following rules:

(Scon.app) ATl st .
Arrs,s|¢s:rs+2,s=>s Alss+1 Irs+2,s+1’
(S_happ A,FS_S}—ﬂp
!
ATss |prrs+2,s:>Arrs,s+1 |Fs+2,s+1'
(SA,app) Arrs,sIqbsl»rs+1,s:A-rs,s |r;+2,s
1

! )
ATss | Ps1NPs2. 542,520 s 511 Irs+2,s+1

(S/\,app) Arrs,s | ¢SIIFS+2,S:AlFS,S'¢)Sl IFS+2,S A»Fs,s-¢sl | ¢sz-rs+2,s=>A»Fs,s:¢sl | 1";+2,s .
2 ATss|ps1APs2 542,50 5511 |F;+2,s ’

(Sv,app) AT ¢s1rrs+2,s:"A-Fs,s|F§+2,s A»Fs,s|¢'52»rs+2,s=>A:Fs,sIF;+2,S_

! )
AT | Ps1VPs2.lst2,5=DT 5541 |rs+2,s+1

(SV,app) A'Fs,s|¢s(t)rrs+1,s:’Arrs,s|F.,9+2,s
1 ATss|VXPs(x),Ts42,s=A s 541 |F§+2,5+1'

where O, = AUT, and

1—‘S,S+1 -

{Fs,s U{ps} ifS =5
I otherwise

By the soundness and completeness theorem ([9]) of the R-calculus S, for any i € w, there is a stage s;
such that

FiS‘ = lim Fi,si'
S=00

)

and A|l' = X is provable in S$2PP, where

T=AU Uri,si.
i

Definition 3.4. A|l = © is provable, denoted by Fgapp A]l=> 0 , if there is a sequence
{AITq,..., Ay |Ty,... } suchthat ATy = AT, 0 = lim,, Ay, and for each j <n, A;|T; is deduced from the
previous statements by the deduction rules in S@PP,

Therefore, we have

Theorem 3.5. Given two theories I' and A, Frgapp A|I' = X; and conversely, if Frgapp A|I' = © then
6=23.

4. The Gentzen Deduction System for Approximation Reasoning

We have the following table:
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first-order logic R-calculus
Semi-decidable ¢ Alp = A
Semi-undecidable I ¢ Alp = A ¢

If the semi-decidable I' - ¢ can be approximated by I' -5 ¢ and Al¢p = A by A|¢p =, A, then we have

the following table:

first-order logic R-calculus
Monotonicin s Arg ¢ Alp =5 A
Non-monotonicin s A Alp =250, ¢

where A ¢ ¢ is monotonic in s, i.e, for any stage s, A ¢ ¢ implies that for any t >s, A -, ¢; and
A W5 ¢ is nonmonotonic in s, i.e., for any stage s, A ¥ ¢ does not imply that for any t >s, A I, ¢.
Al¢ =4 A is monotonic in s, i.e, for any stage s, A|¢p = A implies that for any t > s5,A|¢p =, A; and
Al¢$ =, A is non-monotonic in s, i.e., for any stage s, Al¢p =, A, ¢ does not imply that for any t >
s,Alp =, A, ¢.

The Gentzen deduction system for approximation reasoning:
e Axiom:

Lp=0¢4 ()

e Logical rules:

T, =, A ) T=,0,A %=, 91 o
oAy =444 [LEZ=g1 AP AT
[y =¢A (AR)
F'¢ /\'(/) :>s+1 A
T, =, 8 %9 =1 wh T, ¢,A v
LIV 5500 AT [ .1 oV PA
Fr=.y,A
s—ll} (VRZ)
=.,0VYA
T =, ¢A -5 T,¢ =, A -
T,—¢p =0 A o T=., p,A o
T, p(0) =, A ) T =, ¢(x),A o
[,Vxp(x) =541 A [ =, Vxop(x), A

where in the V-rules, t isan arbitrary term, and x does not occur in the lower sequent.

Definition 4.1. A sequent I' = A is s-deducible, denoted by +,I' = A, if there is a sequence
['=; A,...,I[ = A, whichisaproofand I', =T,A, = A, and foreachi <n,i, <s.

Intuitively, a sequent T' = A is s-deducible if there is a deduction tree forl' = Awith depth< s.

Proposition 4.2. (i) For any sequent I' = A,if ;' = A then T = A

(ii) For any sequentl’ = A, if - T' = Athenthereisan s € w suchthat ;' = A.

Therefore, + isthelimit of {F;:s € w},i.e, F=limgy Fs.

Definition 4.3. Atheory T is s-consistent if there is no formula ¢ suchthat I' -, ¢ and T F; —¢.

5. The Recursive Construction

Let T = {¢¢, ¢1,..-} and for each i,I'; = {¢y, ¢P1,..., Pi_1}. We shall construct in stages a sequence
{04,04,...} of theories such that 0, = A; for each i,0;,; S T; UA is a maximal consistent subset of
[ UA and © = U; ©; satisfies (3.1) and (3.2).

The construction is in stages with approximation deduction ©;¢ s —¢;, where I' k¢ ¢ if there is a

sequence {6,,...,0,} of formulas with n < s which is a proof of T I ¢.
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It suffices to meet for each e the following requirements:
P,:0, U {¢.}consistent = ¢, € O,,1;

N,: 0, U {¢,}inconsistent = ¢, & Opy4.

The priority ranking of requirements are

Py, Ny, P, Ny, ..., P, N, ...

If {0;:i € w} is asequence satisfying all the requirements then © = U; 0; satisfies (3.1) and (3.2).
Arequirement N, requires attention atstage s+ 1 if O, Fsy1 1, and ¢, € Opyq .
Arequirement N, is satisfied at stage s+ 1 if ©,¢ Fs11 1, and ¢, & Oy .

The construction:

Stage s = 0.Define 0y = A,and foreach i = 0,0;, =AUT;.

Stage s + 1.Find the least e such that N, requires attention. Define

Oct15+1 = Opr1s — {Pe}, and foreach e’ > e +1,

®e’+1,s+1 = E')e’,s+1 U {(pe’}'

and we say that N, receives attention.
Define for each e,

0, = lim 0.

S$=00

This ends the construction.
We say that N, is injured at stage s + 1 if there is i <e such that ¢; € 0;;1 s — 0,41 11. Define the

injury set for N, as follows:
I, = {i: 3s(¢; € G)i+1,s - ®i+1,s+1)};
Ie,s = {i: 3s' < S(¢i € G)i+1,s’ - G)i+1,s’+1)}'

Lemma 5.1. For each e, [, is finite.

Proof. By induction on e. Assume that [, (¢’ < e) is finite. Then, there is a stage s, such that for any
s = s¢, N/ never requires attention, and [, = I, ;, is finite.

Lemma 5.2. For every e, 0, = limg_,,, 0,54, exists, and requirement N, is met.

Proof. Fix e. By Lemma 3.1, there is a stage s, such that N, is notinjured at any stage s > s,.

If N, never requires attention then 0, = 0, ;

If N, requires attention at some stage s > s, then, N, is satisfied at s and never requires attention.
Hence, 0, = 0.

Lemma 5.3. For every e, requirement P, is met.

Proof. If N, is satisfied at stage s then so is P..

By the soundness and completeness theorem of R-calculus, we have that © is a maximal consistent set of
I by A, and hence, A|T' = 0 is provable in the R-calculus ([9]).

Let T; be the formulas in T; = {¢,,...,$;_1 } which are not deleted at the end of stage s and for each
J<i, ¢; €Ty, iff A5 —g;.

The approximation R-calculus S™¢ consists of the following two sets of rules: one set is not to eliminate
formulas in T, and another is to eliminate.

(Scon,rec) AT sts D .
ATisIDTis2,s2iBTisDITis2,541

(S ) ATis|@i1Ti42,s2A 5,00 |Tivzs Alis|@PizTivz,s=ATisPiz|Tivzss,
A
rec ATis|piaAdiaTisa s> 51 (Tivz 41 ’
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(51 ) ATis|din Titas=>ATisPir|Tivas
Vv,
TS ATis|pirVeiz iz s=Aliss1|Tivzsea’

(SZ ) ATis|Piz itz s=ATi5.Piz|Tivas
virec Avri,s|¢i1V¢i2'Fi+2,s:>Avri,s+1|Fi+2,s+1'

ATis|dpi(®)Tisa s2ATis®i(0)|Tivas |
ATy 5|V ()T i2,s=A i 541 Tivzse1s

where T, =T U{¢:}, ¢; = pl-pldis A dizldir V dizldis = ¢i2|Vx; (x)[3x¢h; (x), and

(S—hrec) Aljsks D
A.Fi,s|P.Fi+2,s=>A.Fi,s+1 |F£+2,s+1’

(Sv,rec)

!
A,rec) ATig|dir Tis1s=ATis|Tiszs
! )
1 AT3S|piaAPiz T Tiv2, s i s41|Tivzse1

!
(S/\,rec) ATyl bi1Tivz,s2A i 5.Pia [Tivzs A:Fi,s:¢i1|¢i2'ri+2,s=>A:Fi,s'¢i1Iri+2,s_
!
2 A'Fi,s|¢i1/\¢’i2-ri+2,s=>A»Fi,s+1 |ri+2,s ’

(Sv'rec) Alri,5|¢i1vri+2,S:Arri,S|F£+2,5 Arri,s | ¢i2vri+2,S:Arri,S|F§+2,S_
ATis|birVizTivz,s=>AT 541 |F£+2,5+1 ’

!
ATis|@pi(®) o120 is|Tiyas
!
AT |V (X)Tisz, 620 541 |Fi+2,s+1’

(SV,I‘eC)

where A, T;¢|¢, ;1,5 meansthat AT iss-consistent; and

roo {Fi,s U{gp} ifTis =y
bs+1 7 Iys  otherwise

By the soundness and completeness theorem ([9]) of the R-calculus S, for any i € w, there is a stage s;
such that

Fis = lim Ty,

T=AU Uri,si.
i

Definition 5.4. Al = 0 is provable, denoted by Fgrec Al =0 , if there is a sequence
{AITq,..., Ay |T,... } suchthat ATy = AT, 0 = lim,, Ay, and for each j <n, A;|T; is deduced from the

previous statements by the deduction rules in S,

and A|l'= X is provable in S'®¢, where

Therefore, we have
Theorem 5.5. Given two theories I' and A, Fgrec A|T' = Z; and conversely, if Fgrec Al = © then © = X.

6. Conclusion

By using the finite injury priority method in recursion theory, we gave a recursive construction of ©
such that A|l" = O is provable in the R-calculus, which makes recursive the construction with oracle, with
the cost of finite injuries (some formulas in ' may be enumerated in['or extracted from T finitely often).
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